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0. Introduction 

This article is a continuation of our work [KN2] which concerned two known functors. 
The definition of one of these two functors belongs to V. Drinfeld [D2]. Let 21 at be the 
degenerate ajjine Hecke algebra corresponding to the general linear group GL over 
a non-Archimedean local field. This is an associative algebra over the field C which 
> I contains the symmetric group ring C&n as a subalgebra. Let Y{qI^) be the Yangian 
^ ■ of the general linear Lie algebra gl^. This is a deformation of the universal enveloping 
x/^ . algebra of the polynomial current Lie algebra g[^[w] in the class of Hopf algebras [Dl]. 
! It contains the universal enveloping algebra U(0l^) as a subalgebra. There is also a 
homomorphism of associative algebras Y{q[^) U(g[^) identical on the subalgebra 
U(g[j^) C Y{qI^). In [D2] for any SIat -module M, an action of the algebra Y(g[^) was 
O ■ defined on the vector space (M® (C"^)®"^) ®^ of the diagonal skew (3 yv-invariants in the 
tensor product of the vector spaces M and [<C^)®^ . Thus one gets a functor from the 
^ \ category of all 2tiv -modules to the category of Y(0[^) -modules, the Drinfeld functor. 
\ In [KNl] we studied the composition of the Drinfeld functor with another functor, 

introduced by I. Cherednik [C]. This second functor was also studied by T. Arakawa, 
T. Suzuki and A. Tsuchiya [A, AS, AST]. For any module U over the Lie algebra gl^, 
an action of the algebra 21 at can be defined on the tensor product U ® (C')®-^ of gl^- 
modules. This action of 21 at commutes with the diagonal action of g[; on the tensor 
product. Thus one gets a functor from the category of all gl^ -modules to the category 
of bimodules over g[; and 2tAr , the Cherednik functor. By applying the Drinfeld functor 
to the 2lAf -module M = U ® (C^)®-^ , one turns to an Y(gl^)-module the vector space 

The action of the associative algebra Y(g[„) on this vector space commutes with the 
action of g[; . By taking the direct sum of these Y(g[„) -modules over = 0, 1 , . . . , n we 
turn to an Y(g[^)-module the space U ® A(C^ (8>C"^) . It is also a g[;-module; denote this 
bimodule by 8i (U) . We identify the exterior algebra A(C' ® C"^) with the Grassmann 
algebra ^(C^ (S) C""), and denote by ^P(C^ ® C'^) the ring of C-endomorphisms of 
^ (C^ ® C"^) . The action of the Yangian Y(gl^) on its module £i (U) is then determined 
by a homomorphism ai : Y(g[^) — > U(g[J ® Q'D{C'' ® C"^) , see Proposition 1.2 below. 
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Now let frn be either the orthogonal Lie algebra 502m or the symplectic Lie algebra 
sp2m ■ The first objective of the present article is to define analogues of the functor £i 
and of the homomorphism ai for the Lie algebra fm instead of qIi. The role of the 
Yangian Y{qI^) is played here by the twisted Yangian Y{Qn) , which is a right coideal 
subalgebra of the Hopf algebra Y{qI^) . Here Qn is a Lie subalgebra of gl^, orthogonal 
in the case fm = S02m and symplectic in the case = Sp2m'i ^^e latter case n has to 
be even. Let the superscript ' indicate the transposition in gl^ relative to the bilinear 
form on C" preserved by the subalgebra 0n C gl^, so that Qn = {A E gl^ \ A' = —A}. 
As an associative algebra, Y(0„) is a deformation of the universal enveloping algebra of 
the twisted polynomial current Lie algebra 

{A{u)eglM\A'{u) = -A{-u)}. 

Twisted Yangians were introduced by G. Olshanski [02], their structure has been 
studied in [MNO] . In Section 2 of the the present article we introduce a homomorphism 
Y(0„) U(f^) ® ^©(C"*® C") , see our Propositions 2.3 and 2.4. The image of Y(0„) 
under this homomorphism commutes with the image of the algebra U{fm) under its 
diagonal embedding (2.7) to the tensor product \J{fm) ^ QV{C'^ ® C"^) ; here we use 
the homomorphism '■ U(f^) — > QV{C'^ 0C^) defined by (2.6). The twisted Yangian 
Y(5n) contains the universal enveloping algebra V{gn) as a subalgebra. There is also a 
homomorphism tt^ : Y(0„) V{gn) identical on the subalgebra V{gn) C Y{gn). Our 
results extend the classical theorem [H] stating that the image of U(f^) in ^©(C^^C") 
under the homomorphism C„ consists of all G„-invariant elements. Here is either the 
orthogonal or the symplectic group, so that g„ is its Lie algebra; the group G„ acts on 
gV {C"" ® via its natural action on C" . 

In the present article we prefer to work with a certain central extension X(g^) of the 
algebra Y(0„), called the extended twisted Yangian. Central elements 0^^\0^'^\ ... of 
the algebra X(0n) generating the kernel of the canonical homomorphism X(0^) Y(0„) 
are given in Section 1, together with the definitions of X(gn) and Y{gn) . There is also a 
homomorphism X(0„) — > X(9„) (g) Y{gl^) . Using it, the tensor product of any modules 
over the algebras X(0„) and Y{gl^) becomes another module over X(0„) . Moreover, this 
homomorphism is a coaction of the Hopf algebra Y{gl^) on the algebra X(0„) . We define 
a homomorphism : X(0„) U(fm) ® QV{£.'^ ® C"') which is our analogue of the 
homomorphism a;, see Proposition 2.3. The image of X(gn) under fim commutes with 
the image of the algebra U(fm) under its embedding (2.7) to U(fm) ® gV{C'^ ® C^). 
The reason why we work with X(g„) rather than with Y(0^) is explained in Section 2. 

The generators of the algebra X(0„) appear as coeflBcients of certain series Sij{u) 
in the variable u where z , j = 1 , . . . , n . We define the homomorphism (3m by applying 
it to the coefficients, and by giving the resulting series (3miSij{u)) with coefficients in 
U(fm) ® gV[C"^ ® C"^) explicitly. Then we define another homomorphism 

Pm : X(0„) ^ U(U) gViC"^ C") 

which factors through the canonical homomorphism X(0„) — > Y(g^) . Thus we obtain 
the homomorphism Y(g^) — * V{fm.) g'D{C'^ (g) C") mentioned above. Every series 
Pm{Sij{u)) is the product of Pm{Sij{u)) with a certain series with coefficients from 
Z(fm) <8) 1 5 where Z(f^) is the centre of the algebra U(fm) • 
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The defining relations of the algebra X(0„) can be written as the reflection equation 
(1.15) on the n x n matrix S{u) whose i,j entry is the series Sij{u). This terminology 
was introduced by physicists; see for instance [KS] and references therein. 

Now let V be any -module. Using the homomorpliism (3rn, we turn the vector 
space V® G (C"^(8>C") into a bimodule over frn and X(0„) . We denote this bimodiilc by 
^m{V) ■ The functor JF^ is our analogue of the functor Si for instead of gl;. When 
m = 0, we set ^o(^) = C so that (3o is the composition of the canonical homomorphism 
X(0n) — Y(0„) with the restriction of the counit homomorphism Y(gl^) — > C to Y(g^) . 

Here we show that the functor JF^ shares the three fundamental properties of the 
functor Si considered in [KN2]. The first of these properties of Si concerns parabolic 
induction from the direct sum of Lie algebras Qirn® Q^m+i ■ Let p be the maximal 

parabolic subalgebra of Qim+i containing the direct sum Qirn ® 9h- Let q C d^m+i be 
the Abelian subalgebra with Ql^_^.i = q © p. For any -module 1^ let 1^ lEl ?7 be the 
-module parabolically induced from the ©gt^ -module W^U . This is a module 
induced from the subalgebra p . Consider the space Sm+i [W M U) q of q -coinvariants of 
the -module Sm+i{W M U). This space is an Y(0[^) -module, which also inherits 

the action of the Lie algebra Qim® dh- The additive group C acts on the Hopf algebra 
Y(0l„) by automorphisms. Let Sf^{U) be the Y(gl„)-module obtained from Si{U) 
by pulling it back through the automorphism of Y(g[^) corresponding to 2; e C. The 
automorphism itself is denoted by , see (1.2). Thus the underlying vector space of the 
Y(0[„)-module S~^ {U)isU®g{C^® , whereon the action of Y{q{J is defined by 
the composition of two homomorphisms, 

Y(0tj Y(slJ U(fl[,) ® gV{C' ® C-). (0.1) 

Tz oil 

The target algebra here acts orvU ®Q (C^ (gjC"^) by definition. As a -module S^^ (U) 
coincides with Si (U) . In [KN2] we proved that the bimodule Sm+i ( W K t/ ) q of Y{gl^) 
and gl^ © 0( / is equivalent to Sm (W) (g) SJ^ (U) . We use the comultiplication on Y{gl^) . 

Our Theorem 3.1 is an analogue of this comultiplicative property of Si. Take the 
maximal parabolic subalgebra of the Lie algebra fm+i containing the direct sum fm®QU '■> 
we do not exclude the case m — here. Using that subalgebra, determine the fm+i- 
module V M U parabolically induced from the fmffigt/ -module V^U . Consider the space 
of coinvariants of the fm+i -module J^m+l {VM U) relative to the nilpotent subalgebra of 
fm+i complementary to our parabolic subalgebra. This space is a bimodule over frn®9h 
and X(gn) . We prove that this bimodule is essentially equivalent to the tensor product 
^m{y) ® ^i (U) with ^ = m — I for = S02m, and z — m + \ ioi ^rn = 5p2m- More 
precisely, the underlying vector space of the X(g„) -module Trn{y) ® {U) is 

V^(8) ^(C^C^)®?/® ^?(C'0C"), (0.2) 

whereon the action of X(g„) is defined by the composition of two homomorphisms, 

x(0n) ^x(0^)®Y(5[„) ^u(u® 6;p(C'"0C")0U(0i^)® ^;p(c^0C'^). 

Here the first homomorphism is the coaction Y(g[^) on X(0^) , while the second one is 
the tensor product of the homomorphisms {3^ '■ X(0„) ^{fm) <8) QV{C^ ® C"^) and 

air_,: Y{q{^) ^ U(5l^) ® QV (C' ® C") ; 
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see (0.1). By multiplying the image of Sij{u) G X(0„)[[w ^]] under this composition by 
a certain series with the coefficients from the subalgebra 

1 1 ® z(0i;) (8 1 c u(f^)® ^?p(C"^®c'^)(8)U(0r;)0 6?p(c'0C"), 

we get another homomorphism ^{Qu) U(g[;)(8) QV (C^ i^C^) . The latter homorphism 
defines another action of X(gn) on the vector space (0.2). Theorem 3.1 states that this 
action is equivalent to the action of X(g^) on the space of coinvariants of J-'m+i {V M U) . 
Moreover, the actions of the direct summand of © gt^ on J^rn{y) ® {U) and on 
the space of coinvariants of Tm+i{VM U) are also equivalent, while the actions of the 
direct summand g[/ differ only by the automorphism (3.6) of the Lie algebra qIi . Hence 
Theorem 3.1 describes the first fundamental property of the functor J-'m- 

Let us now discuss the second fundamental property of J-'m ■ In [TV] V. Tarasov and 
A. Varchenko established a correspondence between canonical intertwining operators on 
Z-fold tensor products of certain Y(0[^) -modules, and the extremal cocycle on the Weyl 
group &i of the reductive Lie algebra defined by D. Zhelobenko [Z]. In [TV] each of 
the / tensor factors is obtained from one of -modules S^(C"^) by pulling back through 
the homomorphism Y{qI^) — > U(0[„) and then back through one of the automorphisms 
Tz : Y(gl^) — > Y(0[^). Here S^(C") is the N-th symmetric power of the vector space 
C", while the homomorphism Y{gl^) — > U(0l„) is defined by (1.4). In [KNl] we gave 
a representation theoretic explanation of that correspondence from [TV], by employing 
the theory of Mickelsson algebras [Ml, M2] as developed in [KO]. 

For any N & {1, . . . ,n} and any z G C we denote by Pj^ the Y(0[^) -module obtained 
by pulling back the action of V{qI^) on the subspace of Q (C"^) of degree N through the 
homomorphism Y{qI^) — > V{gl^) and then through the automorphism t_2 of ¥(^1^). 
The action of the algebra Y{qI^) on Pj^ is defined by the composition of homomorphisms 

Y(0[J Y(0lj ^ U(0[J ^ gViC-). (0.3) 

Here the second homomorphism is the one defined by (1.4), while the algebra QV{C^) 
acts on ^ (C"^) naturally. Using the functor Si , in [KN2] we established a correspondence 
between intertwining operators on the / -fold tensor products of modules of the form Pj^ , 
and the same extremal cocycle on 6 ^ as considered in [KNl] . This is an "antisymmetric" 
version of the correspondence first established in [TV] . The parameters z corresponding 
to the I tensor factors are in general position, that is their differences do not belong to 
Z. Then each of the tensor products is irreducible as Y(0[^)-module [NT]. Hence the 
intertwining operators between them are unique up to multipliers from C. 

In the present article we show that the functor plays a role similar to that of 
£i, when the Lie algebra qIi is replaced by fm- Namely, we establish a correspondence 
between intertwining operators of certain X(gn) -niodules, and the extremal cocycle on 
the hyperoctahedral group S)rn corresponding to the reductive Lie algebra fm ■ Here S^m 
is regarded as the Weyl group of fm — sp2mj ^^^^1 as an extension of the Weyl group 
of fm = -S02m by a Dynkin diagram automorphism. In both cases, the definition of the 
extremal cocycle is essentially due to D. Zhelobenko [Z]. However, the original extremal 
cocycle has been defined on the Weyl group of fm , which in the case fm = S02m is only 
a subgroup of S)m of index 2. An extension of the original definition to the whole group 
f)m was given in [KN3]. All necessary details on the extremal cocycle corresponding to 
fm are also reviewed in Section 4 of the present article. 
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The twisted Yangian Y{Qn) is determined by a distinguished involutive automorphism 
(1.11) of the algebra Y(0l^) . The automorphism (1.11) corresponds to the automorphism 

A{u) ^ -A'{-u) 

of the Lie algebra , when the algebra Y(g[^) is regarded as a deformation of the 

universal enveloping algebra of . By pulling the Y(0[^) -module Pj^ back through 
the automorphism (1.11) we get another Y(glj^) -module, which we denote by P-^ . The 
underlying vector space of P~^ consists of elements of ^ (C"^) of degree N, whereon 
the action of Y{qI^) is defined by the composition of four homomorphisms 

T-z 

Here the first map is the automorphism (1.11), the other three are the same as in (0.3). 

Now take any , . . . , z/^ G {1 , . . . , n} and any Zi , . . . , E C such that Za — Z\, 
and Za^ z\, '^'L when a ^ 6. In the case fj„ = •Sp2m ^^^^i assume that 2za ^ for 
any a . The hyperoctahedral group Sjrn can be realized as the group of all permutations 
cr of — m, . . . , — 1 , 1 , . . . , m such that cr (— c) = — cr (c) for any c. In Section 5 of the 
present article, we show how the value of the extremal cocycle for the Lie algebra fm at 
an element a e S^m determines an intertwining operator of X(0^) -modules 

P,'''" . . . (8) P,''^ P-"" '^"^ (8) ... (8) P~ 1 

where 

l'a = l^\a-^a)\: ^ and 5„ = sigU (T"^ (tt) (0.5) 

for each a = 1, . . . ,m. The tensor products in (0.4) are those of Y(0[^) -modules. By 
restricting both tensor products to the subalgebra Y(g^) C Y{q[^) and by pulling the 
restrictions back through the canonical homomorphism X(0„) Y(g„), both tensor 
products in (0.4) become X(0^) -modules. Thus the actions of the algebra X(g„) on 
both tensor products in (0.4) are obtained by using the composition 

X(0n) - Y(0 J ^ Y(0rj ^ Y(0[J®". 

Here the first map is the canonical homomorphism, the second is the embedding defining 
Y(0n): while the third is m fold comultiplication. It was proved in [MN] that under our 
assumptions on zi , . . . , Zm both tensor products in (0.4) are irreducible X(g^) -modules, 
equivalent to each other. Hence an intertwining operator between them is unique up to 
a multiplier from C. For our operator, this multiplier is determined by Proposition 5.9. 

To obtain our intertwining operator (0.4) we use the theory of Mickelsson algebras, 
like we did in [KNl, KN2]. Our particular Mickelsson algebra is determined by the pair 
formed by the tensor product lJ{fm) <8) QV{C'^ (8) €"■) and by its subalgebra U{fm) 
relative to the embedding (2.7). The extended twisted Yangian X(gn) appears naturally 
here, because its image relative to P^n commutes with the image of U{ fm) in the tensor 
product. Another expression for an intertwining operator (0.4) was given in [N]. 

In Section 2 we choose a triangular decomposition (2.17) of the Lie algebra frn into 
a direct sum of a Cartan subalgebra f) and of two maximal nilpotent subalgebras n , n' . 
For any formal power series f{u) in tt"-*^ with coefficients from C and leading term 1, the 



(0.4) 
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assignments (1.17) define an automorphism of the algebra X(g„) . Up to puUing it back 
through such an automorphism, the source X(0^) -module in (0.4) arises as the space of 
n-coinvariants of weight A for the fm -module Tm{M^) , where is the Verma module 
over with the highest vector of weight fi annihilated by the action of the subalgebra 
n' C fm. The weights A and ^ relative to the Cartan subalgebra t) are determined 
here by the parameters i/i , . . . , z/^ and Zi, . . . ,Zjn from (0.4). We denote the space of 
n-coinvariants of weight A by JF^(M^)^. The algebra X(9„) acts on the latter space, 
because the action of X(gn) on jF^(Mp) commutes with that of fm,. We prove that 
the above defined action of the algebra X(£|„) on the source tensor product in (0.4) is 
equivalent to the action on the vector space of ^^(M^)^, defined by the composition 

X(0n) ^ X(0,) ^ End(;^m(M^)). (0.6) 

Here the first map is the automorphism (1.17) where f{u)~^ equals the product (5.24). 
The second map here is the defining homomorphism of the X(g„) -module J-'m{Mij^) . 

To get the target X(£|n)-module in (0.4), we generalize our definition of the functor 
J^rri ■ In the beginning of Section 5, for any sequence S = (Si, . . . ,Sm) of m elements of 
the set {1,-1} we define a functor , with the same source and target categories as 
the functor JF^ has. Moreover, for any -module V the underlying vector spaces of the 
bimodules ^5{V) and J^rn{V) are the same, that is F ® ^ (C^" ® C"^) . The actions of fm 
and X(£|„) on J-'siV) are obtained by pushing forward the defining homomorphisms 

Cn:U(U^6;i5(C"^®C") and /^^ : X(0^) ^ u(U ® 6;d(C"^ ® C") 

through a certain authomorphism w of the ring QI){C"^^C^) depending on 5 . Namely, 
the automorphism w is defined by the assignments (5.1). Thus to define the functor J-'s , 
we use the compositions w („, and (l^w) (3m instead of the homomorphisms Cn and (3m 
respectively. In particular, we have jFj (V) = J^m{V) for the sequence 5 = (1 , . . . , 1) . 

Up to pulling it back through an automorphism of the form (1.17), the target X(0n)- 
module in (0.4) arises as the space of n-coinvariants of weight cr o A for the -module 
J-'s (Mo-o/i) . The sequence (5 = (Ji , . . . , dm) is as defined in (0.5), and the symbol o here 
indicates the shifted action of the group S^m on the weights of f). Our Proposition 5.4 
states that action of the algebra X(9„) on the target tensor product in (0.4) is equivalent 
to the action on the vector space of J^s{M^oij,)Z°^ ■> defined by the composition 

X(Sn) ^X(0„) ^End(^^(M,oM))- (0.7) 

Here the first map is the automorphism (1.17) where f{u)~^ equals the product (5.24). 
The second map here is the defining homomorphism of the X(g„) -module J^mi^ao^.) ■ 
In Section 5 we show that value of the extremal cocycle for the Lie algebra fm at the 
element a e 9)m determines an intertwining operator of X(0„) -modules 

Tm{M^)^ ^ .^5(M,oM)r^- (0-8) 

The product (5.24) does not depend on the element a G ^m , so that the authomorphisms 
(1.17) of the algebra X(0^) in (0.6) and (0.7) are the same. Hence by replacing the source 
and the target X(0„) -modules by their equivalent modules, we obtain our intertwining 
operator (0.4). The role played by the functor J^m m this construction of the operator 
(0.4) is the second fundamental property of that functor. 
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The third fundamental property of the functor £[ considered in [KN2] is its connection 
with the centralizer construction of the Yangian Y{qI^) proposed by G. Olshanski [01]. 
For any two irreducible polynomial modules U and U' over the Lie algebra qIi, the 
results of [01] provide an action of Y(0(^) on the vector space 

Homg[^(C/',C/®6;(C^®C")). (0.9) 

Moreover, this action is irreducible. In [KN2] we proved that the same action of Y(gl^) 
on the vector space (0.9) is obtained when the target 0[;-module U (8) Q{C'' (8) C"') in 
(0.9) is regarded as the bimodule Si (U) over Y(gl„) and gt^. 

There is a centralizer construction of Y(g^) again due to G. Olshanski [02], see also 
[MO] and Section 6 here. That construction served as a motivation for introducing the 
twisted Yangians. For any irreducible finite-dimensional modules V and V' of the Lie 
algebra , the results of [02] provide an action of the algebra X(0„) on the vector space 

Homf^(F',F®g?(C"^®C")). (0.10) 

The group also acts on this vector space, via its natural action on C". 

When is an orthogonal Lie algebra, the space (0.10) is irreducible under the joint 
action of '^{Qn) and G„ . When is symplectic, (0.10) is irreducible under the action of 
the X(g^) alone. Our Theorem 6.1 states that the action of X(0„) on (0.10) is essentially 
the same as the action obtained from the bimodule J-'m{V) = V (E) Q {C^ (E) C^) of X(gn) 
and frn- More precisely, the action of X(0„) on the vector space (0.10) provided by [02] 
can also be obtained from an action of ^{Qn) on the target f^-module V^Q (C^^C"^ ) in 
(0.10). The latter action is not exactly that on J^miV) , but is defined by the composition 

x(0n) ^ x(0„) u(u) gv{c^ ® C-) 

where the first map is the automorphism (1.17) with f{u) given by (6.6). The second map 
is the defining homomorphism of the X(g„) -module J^rn{V)- This third property of JT^ 
was the origin of our definition of this functor. Thus we have two different descriptions of 
the same action of X{Qn) on (0.10). Another two, still different descriptions of the same 
action of X(0„) on the vector space (0.10) were provided in [M] and [N] respectively. 

The functor J-'m here is an "antisymmetric" version of a functor introduced in [KN3]. 
The exterior algebra A (C" ® C"^) here replaces the symmetric algebra S (C"* C") in 
[KN3] . Analogues of the three fundamental properties of J^m were also given in [KN3] . 

1. Twisted Yangians 

Let Gn be one of the complex Lie groups On and Spn ■ We regard G„ as the subgroup of 
the general linear Lie group GL^, , preserving a non-degenerate bilinear form ( , ) on the 
vector space C". This form is symmetric in the case Gn = On, and alternating in the 
case Gn — Spn ■ In the latter case n has to be even. We always assume that the integer 
n is positive. Throughout this article, we will use the following convention. Whenever 
the double sign ± or ^ appears, the upper sign corresponds to the case Gn = On while 
the lower sign corresponds to the case Gn = Spn ■ 
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Let i be any of the indices 1 , . . . , n . If z is even, put z = z — 1 . If z is odd and i < n, 
put % = i + 1. Finally, if i — n and n is odd, put t — i. Let ei , . . . , be the vectors 
of the standard basis in Choose the bilinear form on C" so that for any two basis 
vectors and Cj we have {ei^ej) = OiSij where $i = 1 or di = (— l)*"-*^ in the case of 
the symmetric or alternating form. 

Let Eij G End(C") be the standard matrix units. We will also regard these matrix 
units as basis elements of the general linear Lie algebra qI^ . Let Qn be the Lie algebra of 
the group Gn , so that Qn = sOn or 0„ = sp^ in the case of the symmetric or alternating 
form on C^. The Lie subalgebra Qn C gl^ is spanned by the elements Eij — 9i9jEj^ . 

Take the Yangian Y{q{^) of the Lie algebra q\.^ . The unital associative algebra Y[q[^) 
over C has a family of generators Tj^p , T^^'^'* , . . . where i,j = l,...,n. Defining relations 
for these generators can be written using the series 

where u is a formal parameter. Let v be another formal parameter. Then the defining 
relations in the associative algebra Y{qI^) can be written as 

{u - v) [Tij{u),Tki{v)] = Tkj{u)Tu{v) - Tuj{v)Tu{u) . (1.1) 

The algebra Y{q[^) is commutative if n = 1 . By (1.1), for any 2; e C the assignments 

T, : Tij{u) ^ Tij{u - z) (1.2) 

define an automorphism of the algebra Y{q\^) . Here each of the formal power series 
Tij{u — z) in {u — z)~^ should be re-expanded in , and every assignment (1.2) is a 
correspondence between the respective coefficients of series in u~^. Relations (1.1) also 
show that for any formal power series g{u) in with coefficients from C and leading 
term 1, the assignments 

Tij{u) ^ g{u)Tij{u) (1.3) 

define an automorphism of the algebra Y(gl^) . Using (1.1), one can directly verify that 
the assignments 

Tij{u) ^ 6ij+EijU-^ (1.4) 

define a homomorphism of unital associative algebras Y{qI^) — > \J{gl^). 

There is an embedding U(g[^) Y{gl^) , defined by mapping Eij ^ . So Y{gl^) 
contains the universal enveloping algebra U(0[^) as a subalgebra. The homomorphism 
(1.4) is identical on the subalgebra U(0[^) C Y{qI^) . 

Let T{u) be the n x n matrix whose i, j entry is the series Tij{u) . The relations (1.1) 
can be rewritten by using the Yang R-matrix. This is the v? x matrix 

n 

R{u) = u-^ E^j® Eji (1.5) 
where the tensor factors Eij and Eji are regarded as n x n matrices. Note that 



R{u)R{-u) = \-u^ . 



(1.6) 
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Take x matrices whose entries are series with coefficients from Y(0l^) , 

Ti(u) = T{u) (8) 1 and T2{v) = 1 ® T{v) . 

The coUection of relations (1.1) for all possible indices i,j ,k,l can be written as 

R{u - v) T^{u) T2{v) = T2{v) T^{u) R{u - v) . (1.7) 

Using this form of the defining relations together with (1.6), one shows that 

T(w) ^T(-'fx)-^ (1.8) 

defines an involutive automorphism of the algebra Y{qI^) . Here each entry of the inverse 
matrix T{—u)~^ is a formal power series in with coefficients from the algebra Y{gl^) , 
and the assignment (1.8) is as a correspondence between the respective matrix entries. 

The Yangian Y(gl^) is a Hopf algebra over the field C. The comultiplication A : 
Y(0^n) ^ Y(0[„) (g) Y(gl^) is defined by the assignment 

n 

A : T,j{u) ^ J2 ^ik{u) ® Tkj{u) . (1.9) 

k=l 

When taking tensor products of Y(0[^) -modules, we use the comultiplication (1.9). The 
counit homomorphism Y{gl^) — > C is defined by the assignment Tij{u) ^ Sij . The 
antipodal map Y(gl^) Y{qI^) is defined by the assignment T{u) i-^ T{u)~^. This 
map is an anti-automorphism of the associative algebra Y{gl^) . For further details on 
the Hopf algebra structure on Y{Qi^) see [MNO, Chapter 1]. 

Let T'{u) be the transpose to the matrix T{u) relative to the form ( , ) on C"'. The 
i,j entry of the matrix T'{u) is 9i9jTj%{u). Define the x ii? matrices 

Tl{u) = T'{u) ® 1 and Ti{v) = 1 ® T'{v) . 

Note that the Yang i?-matrix (1.5) is invariant under applying the transposition relative 
to ( , ) to both tensor factors. Hence the relation (1.7) implies that 

Tl{u)T^{v)R{u-v) = R{u-v)T^{v)Tl{u), 

R(u - v) Tli-u) T^{-v) = T^i-v) Tli-u) R(u - v) . (1.10) 

To obtain the latter relation, we used (1.6). By comparing (1.7) and (1.10), an involutive 
automorphism of the algebra Y{qI^) can be defined by the assignment 

T{u) ^T'{-u). (1.11) 

This assignments is understood as a correspondence between respective matrix entries. 
Now take the product T'{—u) T{u) . The i,j entry of this matrix is the series 

n 

J2MkT-,,i-u)Tkjiu). (1.12) 

k=l 
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The twisted Yangian corresponding to the form ( , ) is the subalgebra of Y(0[^) generated 
by coefficients of aU series (1.12). We denote this subalgebra by Y(0„) . 

To give defining relations for these generators of Y(gTi) , let us introduce the extended 
twisted Yangian X(0n) . The unital associative algebra X(5„) has a family of generators 
S^}\ S}p, . . . where i ,j = 1 , . . . ,n. Put 

Sij{u) = 5ij + S}pu-^ + S}fu-^ + ... 

and let S{u) be the n x n matrix whose i,j entry is the series Sij{u) . Also introduce 
the X matrix 

n 

R'{u) = u - eiOjEij^E^j (1.13) 

which is obtained from the Yang i?- matrix (1.5) by applying to any of the two tensor 
factors the transposition relative to the form ( , ) on . Note the relation 

R'{u)R'{n-u) ^u{n-u). (1.14) 

Take n? x matrices whose entries are series with coefficients from the algebra X(g„) , 

Si{u) = S{u)®\ and S2{v) = l®S{v). 

Defining relations in the algebra ^{Qn) can then be written as a single matrix relation 

R{u - v) Si(u) R'{-u - v) S2{v) = S2{v) R'{-u - v) Si{u) R{u - v) . (1.15) 

It is equivalent to the collection of relations 

{u^ -v'^)[Sij{u),Ski{v)] = {u + v){Skj{u) Sii{v) - Skj{v) Sii{u)) 

± OiOj {Sk,{u) S~,i{v) - Sk,{y) S~,i{u)) . (1.16) 

Similarly to (1.3), this collection of relations shows that for any formal power series f{u) 
in tt"-*^ with the coefficients from C and leading term 1, the assignments 

Sijiu) ^ f{u)Sij{u) (1.17) 
define an automorphism of the algebra X(£|„) . See [KN3, Section 1] for the proof of 
Proposition 1.1. One can define a homomorphism X(g„) — Y(g„) by assigning 

S{u) ^ T'{-u)T{u). (1.18) 

By definition, the homomorphism (1.18) is surjective. Further, the algebra X(0^) has 
a distinguished family of central elements. Indeed, by dividing each side of the equality 
(1.15) by S2{y) on the left and right and then setting v = —u, we get 

R'{0) Si{u) R{2u) S2i-u)-^ = S2i-u)-'^ R{2u) Si{u) R'{0) . 
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The rank of the matrix -R'(O) equals 1. So the last displayed equality implies existence 
of a formal power series 0{u) in with the coefficients in X{gri) and leading term 1, 
such that 

R'{0) Si{u) R{2u) S2i-u)-^ = {2uT'i-)O{u)R'{0). (1.19) 

By [MNO, Theorem 6.3] all coefficients of the series 0{u) belong to the centre of X(£|„) . 
Let us write 

0{u) = 1 + 0(^)«-i + 0(2)^,-2 + . . . . 

By [MNO, Theorem 6.4] the kernel of the homomorphism (1.18) coincides with the 
(two-sided) ideal generated by the central elements 0^^\0^'^\ ... defined as coefficients 
of the series 0{u) . Using (1.6), one derives from (1.19) the relation 0{u) 0{—u) = 1. 

Thus the twisted Yangian Y{Qn) can be defined as the associative algebra with the 
generators sj^p , S^'^\ . . . which satisfy the relation 0{u) = 1 and the reflection equation 
(1.15). For more details on the definition of the algebra Y(g„) see [MNO, Chapter 3]. 

In the present article we need the algebra X(0„) which is determined by (1.15) alone, 
because this algebra admits an analogue of the automorphism (1.8) of the Yangian 
Y{qI^). Indeed, using (1.15) together with the relations (1.6) and (1.14), one shows 
that the assignment 

ujn-- S{u) ^ S{-u-n/2y'^ (1.20) 

defines an involutive automorphism ujn of '^(Qu) • However, ujn does not determine an 
automorphism of the algebra Y(0„) , because the map a;„ does not preserve the ideal of 
X(0n) generated by the elements 0^^\0^'^\ . . . ; see [MNO, Section 6.6]. Note that by 
multiplying (1.19) on the right by S2{—u) , the relation 0{u) = 1 can be rewritten as 

S {u) = S{-u) ± — (1.21) 

where S'{u) is the transpose to the matrix S{u) relative to the form ( , ) on C". 

The definition (1.19) of the series 0{u) implies that the assignment (1.17) determines 
an automorphism of the quotient algebra Y(g^) of X(0„) , if and only if f{u) = f{—u). If 
2 7^ 0, the automorphism of Y(g[^) does not preserve the subalgebra Y(9^) C Y{qI^) . 
There is no analogue of the automorphism for the algebra X(0„). 

However, there is an analogue of the homomorphism Y{qI^) U(0[„) defined by 
(1.4). Namely, one can define a homomorphism TTn : X(0^) — > U(£|n) by the assignments 

p.. _ E-~ 

TTr, : S,j{u) ^ + ^7^^^ (1.22) 

This can be proved by using the defining relations (1.16), see [MNO, Proposition 3.11]. 
Furthermore, the central elements 0^^\0^'^\ ... of X(g^) belong to the kernel of 7r„. 
Thus TTn factors through the homomorphism X{gn) — ^ Y{gn) defined by (1.18). 

Further, there is an embedding V{Qn) — Y(g^) defined by mapping each element 
Eij — di 9j Eji G Qn to the coefficient at of the series (1.12). Hence Y{Qn) contains the 
universal enveloping algebra U(gn) as a subalgebra. The homomorphism Y(0„) U(0^) 
corresponding to tt^ is evidently identical on the subalgebra U(0^) C Y(g„) . 

For any positive integer consider the vector space and the corresponding Lie 
algebra qIi . Let Eab e End (C') with a,b= 1 , . . . , Z be the standard matrix units. When 
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regarding these matrix units as generators of the universal enveloping algebra U(gl J , 
introduce the / x / matrix E whose a , b entry is the generator Eab ■ Denote by E ' the 
I X I matrix whose a,b entry is the generator E^a- Then consider the matrix inverse 
{u-E')-^. The a,b entry {u-E')-l of the inverse matrix is a formal power series in 
with the leading term dab and the coefficients from the algebra U(g[^) . 

Take the tensor product of the vector spaces C' C". Let Xai with a = 1 , . . . , / and 
i — 1, . . . ,nhe the standard coordinate functions on ® C"^ . Consider the Grassmann 
algebra ^ (C' ^C") . It is generated by the elements Xai subject to the anticommutation 
relations Xai x^j = — x^j Xai for all indices a,b — 1 , . . . , Z and i ,j = 1 , . . . , n . We will 
denote the operator of the left multiplication by Xai on ^ (C^ (8>C"^) by the same symbol. 
Let dai be the operator of left derivation on ^ (C^ ® C"^) corresponding to the variable 
Xai, it is also called the inner multiplication in ^(C' ® C"^) corresponding to Xai- 

The ring of C-endomorphisms of ^ (C' (8) is generated by all operators Xai and 
dai, see for instance [H, Appendix 2.3]. This ring will be denoted by QV{C'' <S> C"). In 
this ring, we have 

Xaidbj + dbjXai = SabSij. (1-23) 

Hence the ring QV{C'' ® C"^) is isomorphic to the Clifford algebra corresponding to the 
direct sum of the vector space C' ® C with its dual. 

The Lie algebra gli acts on the vector space ^ (C^ ® C"^) so that the generator Eab 
acts as the operator 

n 

^a^afc^ftfe. (1.24) 

k=l 

Denote by A; the tensor product of associative algebras U(0[;) ® QV{C'' ® C"). We 
have an embedding U(£|[/) Ai defined for a,6 = 1 , . . . , Z by the mappings 

n 

Eab^ Eab^l + ^ l^Xakdbk- (1-25) 
k=l 

The following proposition was proved in [KN2, Section 1], see also [A, Section 3]. 

Proposition 1.2. (i) One can define a homomorphism ai : Y(£|[^) Ai by mapping 

I 

ai : Tij(u) ^ 5ij + XI - ^')a6 ® ^ai dbj (1.26) 

a, 6=1 

(ii) The image of Y(g[^) in Ai relative to this homomorphism commutes with the image 
of ^'^ -^i '^e/ative to the embedding (1.25). 

Note that 

I 

a I : T^p X l®Xcidcj. 

c=l 

Hence the restriction of the homomorphism ai to the subalgebra U(0[„) C Y[q{^) 
corresponds to the natural action of the Lie algebra on ^ (C' (8) C"). 
Denote by Z{u) the trace of the inverse matrix [u + E)~^ , so that 



Twisted Yangians and Mickelsson Algebras II 



13 



Z{u) = Y.iu + E)-^. (1.27) 

c=l 

Then Z{u) is a formal power series in with the coefficients from the algebra U(0[;) . 
It is well known that these coefficients actually belong to the centre Z(0(^) of \J{q\i). 
Note that the leading term of this series is lu~^ . 

Let us choose the Borel subalgebra b of the Lie algebra gt; spanned by the elements 
Eab where a ^b. Let t C b be the Cartan subalgebra of qIi with the basis {En , . . . , En) . 
Consider the corresponding Harish- Chandra homomorphism ipi : U(0[^)*^ U(t) . By 
definition, for any t-invariant element X e U(0[;) the difference X — (pi {X) belongs to 
the left ideal of U(gl;) generated by the elements Eab where a < b. Restriction of the 
homomorphism (fi to Z(0[;) C U(0[;)*^ is injective. It is well known that 

l + ^,(ZW) = n(l + ^;^j3^). 

see for instance [PP, Theorem 3]. For the proof of the next lemma see [KN3, Section 1] 
where the parameter u should be now replaced by —u . 

Lemma 1.3. For any indices a,d= 1, . . . ,1 we have the equality 

iu + E)-2 = {l + Z{u))iu + l + E')-l 

Now let U he a, module of the Lie algebra g[;. Using the homomorphism (1.26) we 
can turn the tensor product of gl^-modules U ® ^ (C C"') to a bimodule over gt; and 
Y{qI^) . This bimodule is denoted by £i (U) . More generally, for 2; e C denote by 6[ (U) 
the Y(0l^) -module obtained from Si{U) via pull-back through the automorphism t-z 
of Y{qI^) , see (1.2). It is determined by the homomorphism Y(£|[^) — > A/ such that 

I 

Tij{u) ^ Sij + ^ (u + z - E')~l 0Xaidbj 
0,6=1 

for any i,j = l,...,n. As a -module Si{U) coincides with £i{U) by definition. In 
the next section we will introduce analogues of the homomorphism (1.25) and of the 
correspondence U ^ Ei (U) for the twisted Yangian Y{Qn) instead of Y(0(^) . 



2. Howe duality 

We will work with one of the pairs {s02m , On) and (sp2^ , Spn) ■ The second member of 
the pair will be the Lie group Gn . The first member will be the Lie algebra fm defined 
below. These pairs appear in the context of the skew Howe duality, see [H, Section 4.3]. 

Take the even-dimensional vector space C^'". Equip with a non-degenerate 

bilinear form, symmetric in the case Gn = On and alternating in the case Gn = Spn- 
Let fm be the subalgebra of the general Lie algebra 0l2m preserving our bilinear form 
on C^"^. We have — S02m or fm — 5p2m respectively in the case of a symmetric or 
an alternating form on C^"^. 
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Let us label the standard basis vectors of C^"^ by the numbers — m,...,— l,l,...,m. 
Let Eab G End(C^"^) be the standard matrix units, where the indices a,b run through 
these numbers. We will also regard these matrix units as basis elements of gl2m- Put 

Sab = 1 or Eab = Sign, a ■ sign 6 (2.1) 

respectively in the case of a symmetric or an alternating form on C ^"^ . Then choose the 
form on C^™ so that the Lie subalgebra C Qi^m spanned by the elements 

-^06 = Eab — Sab E-h-a ■ (2.2) 

In the universal enveloping algebra U(fm) we have the commutation relations 

[Fab, Fed] = ScbFad- SadFcb- eabSc,-aF-b,d + eabS-b,dFc-a- (2.3) 

Let F be the 2m x 2m matrix whose a,b entry is the element Fab - Denote by F{u) 
the inverse to the matrix u + F . Let Fab (w) be the a , b entry of the inverse matrix. Any 
of these entries may be regarded as a formal power series in with the coefficients 
from the algebra U(f^) . Then 

oo m 

Fab{u) = dab + J2 Yl (-1) ^^1^2 • • • ^'^-i-^ U-'-^ . (2.4) 



s=0 Ici 



>•••> I'-s I 



When s = , the sum over ci , . . . , Cg in (2.4) is understood as — Fab ^ • Let us denote 
by W{u) the trace of the matrix F{u) , that is 



m 



W{u) = > ^ Fec(w) . (2.5) 



The coefficients of the series W{u) belong to the centre Z(f^) of the algebra U(fm). 

In what follows, the upper signs in ± and ^ correspond to the case of a symmetric 
form on C^"* while the lower signs correspond to the case of an alternating form on 
C^"^. In these cases we also have respectively a symmetric or alternating form on C"^. 
Thus the choice of signs in ± and =F here agrees with our general convention on double 
signs. Let F'{u) be the transpose to the matrix F{u) relative to our bilinear form on 
C^"^ so that the a, 6 entry F^^^{u) of the matrix F'{u) equals Sab F^i„-aiu) ■ For the 
proof of next proposition see [KN3, Section 2] where u should be now replaced by — tt . 

Proposition 2.1. We have the equality of 2m x 2m matrices 

-F'iu) = (W(u) ^ + l)F{-u-2m±l) ± ^ . 

^ ^ ^ ^ ^ ^ 2w + 2m T 1 ^ ^ ^ 2u + 2m T 1 

Corollary 2.2. We have the equality 

(Wiu) T ^ - + l)(l^(-w-2m±l) ± ^ - + 1) 

^ ^ ^ 2m + 2m ^ 1 ^ ^ ^ ^ 2u + 2m^l ' 

I 

= 1 - 



{2u + 2m^lf 
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On the space C"^(S>C"^ , we have the coordinate functions Xai where a = 1 , . . . , m and 
i = 1 , . . . , n. Consider the Grassmann algebra ^ (C"^ ®C"^) corresponding to this vector 
space. We will denote the operator of the left multiplication by Xai on ^ (C"^ (8) C") by 
the same symbol. Let dai be the left derivation on ^(C"* ® C") relative to Xai- There 
is an action of fm on Q (C^ ® C"), commuting with the natural action of the group 
Gn - The corresponding homomorphism C„ : U(f^) — > QT>{C"^ ® C") is defined by the 
following mappings for a , 6 = 1 , . . . , m : 

n 

Cn : Fab ^ — Sab n/2 + 

k=l 

n n 
Fa-b ^ 5Z ^kX^^Xbk, F_a,b ^ ^ OkdakOf^^. (2.6) 
fc=l 

The homomorphism property here can be verified by using the relations (2.3). Moreover, 
the image of the homomorphism (^^ coincides with the subring of all G^-invariants in 
QV^C^ (g) C"); see [H, Subsections 3.8.7 and 4.3.3]. Let be the tensor product of 
associative algebras U(fm,) G'D{C'^ ®C^) . Take the embedding U(fm) defined 
by mapping 

X ^ X (8) 1 + 1 ® Cn (^) for each X e fm ■ (2.7) 

Proposition 2.3. (i) One can define a homomorphism (3m '■ ^{dn) so that the 

series Sij {u) is mapped to the series with coefficients in the algebra , 

m 

+ X] ( F-a-b {u±\-m)® Xai dbj + F_a,b (w ± | - m) (g) 9j XaiXbj 
a, 6=1 

+ Fa-b {u±^-m)(S> di dai dbj + Fab{u±\-m)® 9i 0j daiXbj ) . (2.8) 

(ii) The image of X(0„) in Bm relative to this homomorphism commutes with the image 
of U(fm) in Bm relative to the embedding (2.7). 

Proposition 2.3 can be proved by direct calculation using the defining relations (1.16). 
That calculation is omitted here. In Section 6 wc will give a more conceptual proof of the 
proposition. Now let the indices c and d run through the sequence — m,...,— l,l,...,m. 
For c < put pci = x-c,i and Qd = d-c,i • For c > put Pd = 9i dci and = Oi x^ ■ 
Then our definition of the homomorphism j3m can be written as 

13m ■■ Sij{u) ^ 5ij + ^ Fcd{u±\-m)®pciqdj , (2.9) 

|c|,|d|=l 

similarly to (1.26). Moreover, then by the definition (2.6) 

n 

Cn : Fed ^ -5cdn/2 + ^ QckPdk- (2.10) 

k=l 
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Using (2.5), let us define a formal power series W{u) in with coeflaciens in the 
centre Z(f^) of the algebra U{fm) by the equation 

(l^i.) w{u) = Wiu±^-m). 

By Corollary 2.2, _ _ 

{W{u) + 1)) (Wi-u) + 1) = 1 . 

Hence there is a formal power series W{u) in with coefficiens in Z(f^) and leading 
term 1 , such that ^ 

W{~u)Wiu)-^ ^1 + W{u). (2.11) 

The series W{u) is not unique. But its coefficient at is always — m, because the 
leading term of the series W{u) is 2mu~^. Let (3rn be the homomorphism X(g„) — > B^ 
defined by assigning to Sij{u) the series (2.8) multiplied by 

W{u)^l eBm[[u-^]]. (2.12) 

The homomorphism property of /3m follows from Part (i) of Proposition 2.3, see also 
the defining relations (1.16). Part (ii) implies that the image of commutes with the 
image of V{fm) in the algebra B^ relative to the embedding (2.7). 

Proposition 2.4. The elements 0^^\0^'^\ ■■■of X(g^) belong to the kernel of P„i- 

Proof. Let us denote by Sij{u) the product of the series (2.8) and (2.12). Using the 
equivalent presentation (1.21) of the relation 0{u) = 1, we have to prove the equality 

for any i , j = 1 , . . . , n. By the definition of the series W{u) , we have the relation 

W{u) ( 1 + W{u ±\-m)) ^ W{-u) ± ^^""^ ~ ^(~'') . (2.14) 

Further, let us introduce the 2m x 2m matrix 

F{u) = W{u)F{u±\-m) (2.15) 
and its transpose F'{u) relative to our bilinear form on C^"^. By Proposition 2.1, 

~F-(n) = -~F(-u) T -J^"' . (2.16) 

By changing the indices i,j in (2.8) respectively to j ,1 and multiplying the resulting 
series by 9i 9j we get 

m 
a, 6=1 



Twisted Yangians and Mickelsson Algebras II 17 
± Fa-b{u± I -m) (g) Oidajdti + Fab{u± ^ - m) ® dajXu) 

= ( 1 + W{u ±\+m))®5ij + 

m 
a, 6=1 

^ (u ± i - m) (g) 6'i dbj - Fba (u ± | - m) ® a;^^ dbj ) 

= (1 + W^(w±i - m))®5y 

m 

- ( (m ± i - m) dal Xbj + (W ± i - m) ® Oj XaiXbj + 

a, 6=1 

{u±\-m)® Oi dai dbj + i^J^a -6 ± I - m) (g) a^ai ^6^ ) • 

Multiplying the expession in the last three lines by W{u) (g) 1 and using the definition 
(2.15), we get ^ 

W{u){l + W{u±\-m))®5ij 

m 

- ^ ( F^b («) ® ^3 ^ai Xbj + F^a,b («) ® ^^ai ajfoj + 
o,6=l 

-Fa _6 (w) dbj + F!_a-b («) ® ^ai dbj ) ■ 

The required equality (2.13) now follows from (2.14) and (2.16). □ 

So the homomorphism : X(£|fj,) — > factors to a homomorphism Y(g„) — > B^. 
This is an analogue of the homomorphism (1.26) for the twisted Yangian Y(g^) instead 
of Y(9[„). Recall that 

W{u) = 1 — mu~^ + . . . 

so that 

m 

Pm ■ S^j^ ^ -mSij + ^ {1<S) Xci dcj + 1<S) 9i 9j Xcj) 

c=l 

m 

= ^ Xctdcj 9i 6j Xcj dct) . 

c=l 

Thus for any formal power series W{u) in which has its coefficiens in Z (f^^), has the 
leading term 1 and satisfies the equation (2.11), the restriction of the homomorphism 
Y(0n) — ^ to the subalgebra V{Qn) C Y(g„) corresponds to the natural action of the 
Lie algebra on the vector space ^ (C"^ (g) C"-). 

The series W{u) is not unique, and it will be more convenient for us to work with the 
homomorphism (3m '■ X(g„) — > B^ defined in Proposition 2.3. Using this homomorphism 
and the action of the Lie algebra on Q (C"^ (g) C") as defined by (2.6), for arbitrary 
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fm,-niodule V we can turn the tensor product V ^ Q {C"^ ® C^) to a bimodule over 
and X{Qri) ■ This bimodule wiU be denoted by J-'m{V) . 

Consider the triangular decomposition of the Lie algebra fm , 

fm = n©t)©n' (2.17) 

where 1^ is the Cartan subalgebra of f™, with the basis {F_rn,-m > • • • ? -^-1,-1) • Further, 
n and n' are the nilpotent subalgebras of fm spanned by elements Fab where a > b and 
a < b respectively; the indices a, 6 here can be positive or negative. For each f^-module 
V, we will denote by Vn the vector space V /n ■ V of coinvariants of the action of the 
subalgebra n C fm on V. The Cartan subalgebra f) C fm acts on the vector space Vn ■ 

Now consider the bimodule J-'m{V) . The action of X(0„) on this bimodule commutes 
with the action of the Lie algebra fm , and hence with the action of the subalgebra 
n C fm - Therefore the space J^m{y)n of coinvariants of the action of n is a quotient of 
the X(0„)-module J^m{V) ■ Thus we get a functor from the category of all fm-modules 
to the category of bimodules over f) and X(0^) , 

V ^ J^miV)n^{V®g{C'^®C''))n. (2.18) 

The assignments Eab ^ Fab for all a , 6 = 1 , . . . , m define a Lie algebra embedding 
Q^m ~^ fm'i see relations (2.3). Using this embedding, consider the decomposition 

fm = r®9lm®t' (2.19) 

where r and r' are the Abelian subalgebras of fm spanned respectively by the elements 
Fa,-b and F-a,b for all a,6 = 1, . . . , m. For any gt^-module U, let V be the fm-module 
parabolically induced from the 5 (^-module U. To define V, one first extends the action 
of the Lie algebra qI^ on U to the maximal parabolic subalgebra © t' C fm , so that 
every element of the summand r' acts on U as zero. By definition, V is the fm-module 
induced from the gt^ © r'-module U . Note that here we have a canonical embedding 
U — > F of gl^ © r' -modules; we will denote by u the image of an element u E U under 
this embedding. The fm-module V determines the bimodule J^miV) over fm and X(0„) . 
The space of r -coinvariants J-m{V)x is then a bimodule over gl^ and X(g„) . 

On the other hand, for any z E C consider the bimodule (U) over the Lie algebra 
qI^ and over the Yangian Y(gl^) . By restricting the module £^{U) from the algebra 
Y(0[^) to its subalgebra Y(0^) and then by using the homomorphism X(g„) — Y(g„) 
defined by (1.18), we can regard Smi^) ^ ^ module over the algebra X(0^) instead of 
Y(0[^). This module is determined by the homomorphism X(g^) Am such that for 
any i ,j = 1 , . . . ,n the series Sij (u) is mapped to 

n 

J2 Or Ok c^m{Tj^,{- « + Tkji'^ + z)) ; (2.20) 

fc=i 

see (1.12) and (1.26). Let us now map Sij{u) to the series (2.20) multiplied by 

{l + Z{u-z-m))(»l e Am[[u-^]]; (2.21) 

see (1.27) where the positive integer I has to be now replaced by m. The latter mapping 
determines another homomorphism X(0^) — > Am - Using it, we turn the vector space 
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U ®Q (C™' ® C") of the X(0„) -module £^ iU) to another X(g„) -module, to be denoted 
by £^(U). Further, define an action of the Lie algebra on £^{U) by pulling its 
action on £^{U) back through the automorphism 

Eab ^ -5abn/2 + Eab for a,b=l,...,m. (2.22) 

Thus the action of gl^ on £^ (U) is determined by the composition of homomorphisms 

U(0U^U(sU^End(t/®^(C-®C-)), 

where the first map is the automorphism (2.22) while the second map corresponds to 
the natural action of gl^ on £^{U) . The following proposition is a particular case of 
Theorem 3.1 from the next section. 

Proposition 2.5. For the fm-module V parabolically induced from any gl^-module U, 
the himodule J-m{y)t of gi^ and X(g^) is equivalent to £^{U) where z — 

Further, let u and / range over the vector spaces U and ^(C"* (8) C") respectively. 
In the next section, we will show that the linear map 

t/® ^(C"^®C") ^ (F(8)^(C"^®C")), 

defined by mapping u ® / to the class of u ® / in the space of r-coinvariants, is an 
equivalence of bimodules £^{U) — > Tm{y)t over g\^ and X(0„). 

An element n of the vector space ()* dual to f) is called a weight. A weight jj. can be 
identified with the sequence (//i , . . . ^jJ-m) of its labels, where 

l^a = l^{Fa-m-l,a-m-\) = — IJ-iFm-a+l^m-a+l) for a=l,...,m. 

The Verma module of the Lie algebra fm is the quotient of the algebra U(fm) by 
the left ideal generated by all elements X e n', and by all elements X — ii{X) where 
X e f) . The elements of the Lie algebra fm act on this quotient via left multiplication. 
The image of the identity element 1 G U(fm) in this quotient is denoted by 1^. Then 
X ■ 1^ = for all X e n', and X -1^ = fi{X) ■ 1^ for all X G f). Denote by be 
the quotient of the Verma module relative to the maximal proper submodule. This 
quotient is a simple fm-module of the highest weight /x . 

For z e C denote by the Y(£(t^) -module obtained by pulling the standard action 
of U(0[^) on ^(C") back through the homomorphism Y(g[^) — > V{gl^) defined by (1.4), 
and then back through the automorphism T-z of Y{g[^) . Let Xi , . . . , be the standard 
generators of ^(C"^) and let di, . . . ,dn be the corresponding left derivations. Using (0.3), 
the action of Y(0[^) on is determined by the homomorphism Y{gl^) — > ^D(C"), 

Tij{u) ^ Sij + ^ . (2.23) 

u + z 

Using the comultiplication (1.9), for any zi , . . . , Zm & 'C define the tensor product of 
Y(0[jj) -modules 

P,^ ® . . . ® P,, . (2.24) 

For a = 1 , . . . , m let dego be the linear operator on this tensor product, corresponding 
to evaluation of the total degree in xi, . . . ,Xn in the tensor factor ; that is the a-th 
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tensor factor when counting from right to left. By restricting this tensor product of 
Y(g[^)-modules to the subalgebra Y{Qn) C Y{qI^) and then using the homomorphism 
X(0n) — ^ Y(0„) defined by (1.18), we can regard the tensor product (2.24) as a module 
over the extended twisted Yangian X(0n) . 

Corollary 2.6. The himodule J^m{Mi^)n over [) and X(0„) is equivalent to the tensor 
product 

Pf,m+z ® • • • ® P^,,+z+m-l (2.25) 

pulled back through the automorphism of X(0„) defined by (1-17), where f{u) equals 

m ^ 

n u — z — m + a — 1 — LLa^ ^ ^ ^ 

a=l 

here 2; = ^| . The element Fm-a+i,m-a+i G f) o,cts on (2.25) as the operator 

-n/2 + dega-l^a- (2.27) 

Proof. We have an embedding of gt^ to frn such that Eaa ^ Faa for a = 1, . . . , m. 
Then the Cartan subalgebra t of is identified with the Cartan subalgebra [) of f^. 
Put a = m — a + 1 for short. If we regard the weight /x as an element of t*, then 

fJ-iEaa) = - fJ'a for a=l,...,m. 

Let U be the Verma module of the Lie algebra gl^ corresponding to e t* . It is defined 
as the quotient of the algebra U(g[^) by the left ideal generated by all elements £^06 
with a < b, and by all elements Eaa — fJ- (Eaa) ■ The Verma module of the Lie algebra 
fm is then equivalent to the module V parabolically induced from the gt^-module U. 
Here we use the decomposition (2.19). 

Let s denote the subalgebra of the Lie algebra gl^ spanned by all elements Eab 
with a > b . Using our embedding of qI^ to fm , we can also regard s as a subalgebra 
of fm- The Lie algebra n of fm is then spanned by r and s. By Proposition 2.5, the 
bimodule ^rn(-^/i)n over f) and X(g^) is equivalent to £^(U)s where z = To 
describe the latter bimodule, let us firstly consider the bimodule 8^{U) ^ over t and 
Y(g[^). Using [KN2, Corollary 2.4], the bimodule £^{U)s is equivalent to the tensor 
product of Y(g[^) -modules (2.25) where the element Ead G t acts as deg^ — After 
pulling the action of Lie algebra g[^ on S^{U) back through the automorphism (2.22), 
the element Ead G t will act on the tensor product of vector spaces (2.25) as (2.27). 

To complete the proof of Corollary 2.6, recall that the action of X(g[^) on £^{U) 
differs from that on £^{U) by multiplying the series (2.20) by (2.21). Using (1.28), the 
series 1 + Z {u — z — m) mu~^ with the coefficients in Z(g[^) acts on the Verma module 
U via scalar multiplication by the series (2.26). □ 

By definition, the vector spaces of the two equivalent bimodules in Corollary 2.6 are 
(Mfj, (8) ^ (C" (g) C^)) n and Q (C"^) ^"^ respectively. We can determine a linear map from 
the latter vector space to the former one, by mapping /i ® . . . ® /m to the class of the 
element 1^ ® / in the space of n-coinvariants. Here for any m polynomials /i , . . . , in 
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the n anticommuting variables Xi, . . . ,Xn the polynomial / in the mn anticommuting 
variables xn , . . . , Xmn is defined by setting 

fip^ll ) • • • ) ^mn) — fl (^11 ) • • • ) ^In) • • • /m(^ml ; • • • ; ^mn) • (2.28) 

This provides the bimodule equivalence in Corollary 2.6, see [KN2, Corollary 2.4] and 
the remarks made immediately after stating Proposition 2.5 here. 

For any z & C denote by the Y(0[^) -module obtained by pulling back through 
the automorphism (1.11) of Y{qI^). According to (2.23), the action of Y(0l„) on P^ is 
determined by the homomorphism Y[qI^) — > QV{C^), 

r,^.(^)^5^^._Mfl^. (2.29) 

Lemma 2.7. The Y(0[„) -module P^ can also be obtained by pushing the action of 
Y(0[^) on P-z-i forward through the automorphism of Q'D{C^) such that for each 
i = 1 , . . . ,n 

Xi^Oid^i and di^OiX^^ (2.30) 
and by pulling the resulting action back through the automorphism (1.3) of Y(gl^) where 

g{u) = 1 - . (2.31) 

u — z 

Thus the action of Y{qI^) on can also be determined by the composition 

Y(0ij ^ Y(0ij Y(0[j ^ u(0[j - gv{c-) gv{c-). 

Here the first map is the automorphism (1.3) of Y{<q\^ where the series g{u) is given 
by (2.31), the last map is the automorphism (2.30) of QV{£.'^), while the other three 
maps are defined like in (0.3). 

Proof. Applying the automorphism (2.30) to the right hand side of (2.23) and replacing 
the parameter z there by —z — 1 we get 

Sij + ^ = Sij + '-^ — = 6ij '-^ — 

u—z—1 u—z—1 u—z—l\ u—z / 

which, after multiplying it by (2.31), becomes the right hand side of (2.29). □ 
3. Parabolic induction 

The twisted Yangian Y(0„) is not just a subalgebra of Y{qI^) , it is also a right coideal 
of the coalgebra Y{gl^) relative to the comultiplication (1.9). Indeed, let us apply this 
comultiplication to the i,j entry of the n x n matrix T'{—u) T{u) . We get the sum 



n 

J20.9kA{T-,,{-u)nj{u)) = 
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n 

E OiOjiTkgi-u)^Tg,{-u))iTkhiu)^Thj{u)) = 

g,h,k=l 

n 

g,h,k=l 

In the last displayed line, by performing the summation over /c = 1 , . . . , n in the first 
tensor factor we get the g ,h entry of the matrix T'{—u) T{u) . Therefore 

/A(Y(0j)cY(0j®Y(0[J. 

For the extended twisted Yangian X(g„) , one can define a homomorphism of associative 
algebras 

x(s„)^x(0O®Y(0y 

by assigning 

n 

Sij{u) ^ X Sgh{u) 0i0gTgi{-u)Thj{u). (S.l) 

g,h=l 

The homomorphism property can be verified directly, see [KN3, Section 3]. Using the 
homomorphism (3.1), the tensor product of any modules over the algebras '^{Qn) and 
Y{gl^) becomes another module over X(0„) . 

Furthermore, the homomorphism (3.1) is a coaction of the Hopf algebra Y(0[^) on 
the algebra X(0„). Formally, one can define a homomorphism of associative algebras 

x(0O^x(0j®Y(0y ®Y(0y 

in two different ways: either by using the assignment (3.1) twice, or by using (3.1) and 
then (1.9). Both ways however lead to the same result, see again [KN3, Section 3]. 

Now for any positive integer I consider the general linear Lie algebra Ql2m+2i its 
subalgebra fm+i ■ This subalgebra is spanned by the elements Fab where 

a ,b — —m — I , . . . , —1 ,1 , . . . ,m + I . (3-2) 

Extend the notation (2.1) and (2.2) to all these indices a,b. Now identify fm with the 
subalgebra of fm+i spanned by the elements Fab where a,h = — m,...,— l,l,...,m. 
Choose the embedding of the Lie algebra fll/ to ^m+i determined by the mappings 

Eab^ Fm+a,m+b for a,6=l,...,L (3.3) 

Let q , q ' be the subalgebras of ^m+i spanned respectively by the elements Fab , Fba where 

a = m+l,...,m + Z and 6 = — m — Z,...,— l,l,...,m; 

these two subalgebras of ^m+i are nilpotent. Put p = fm © © 1 ' • Then p is a maximal 
parabolic subalgebra of the reductive Lie algebra ^m+l i and fm+/ = q ® p • We do not 
exclude the case m = here. In this case the nilpotent subalgebras q and q' of fm,+/ 
become the Abelian subalgebras r and r' of the Lie algebra f;; see the decomposition 
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(2.19) where the positive integer m is to be replaced by /. Note that the meaning of the 
symbols p and q here is different from that in Section 0. 

Let V and U be any modules of the Lie algebras fm and qIi respectively. Denote 
hjVMU the f^+z -module paraboUcally induced from the fm © flt/ -module Fcg) [/. To 
define U, one first extends the action of the Lie algebra fm (B Qii on V^U to the 
Lie algebra p, so that every element of the subalgebra q' C p acts on 1/ (g) t/ as zero. 
By definition, VM U is the f,n+i -module induced from the p -module V^U . Note that 
here we have a canonical embedding V<SiU^VMUof p -modules; we will denote by 
V ®u the image of an element v ® u &V ®U under this embedding. 

Consider the bimodule J^m+i {V M U) over frn+i and X(0^) . Here the action of X(0l^) 
commutes with the action of the Lie algebra fm+z , and hence with the action of the 
subalgebra q C fm+i ■ Therefore the vector space J^m+i {V M U) ^ of coinvariants of the 
action of the subalgebra q is a quotient of the X(£|„)-module Tm+ii^^ . Note that 
the subalgebra fm © S^/ C fm+i also acts on this quotient. 

For any z E C consider the bimodule S[{U) over g[; and Y(g[^) defined as in the 
end of Section 1. Also consider the bimodule J-'miV) over and X(0„) . Using the 
homomorphism (3.1), the tensor product of vector spaces J-'m{V) ® ^liP) becomes a 
module over X(0„) . This module is determined by the homomorphism X(0„) — > B^(8)A/ 
such that for any i ,j = 1 , . . . ,n the series Sij (u) is mapped to 

n 

J2 fim{Sgh{u)) ®diegai{T~g,{-u + z)THj{u + z)). (3.4) 

g,h=l 

Let us now map the series Sij{u) to the series (3.4) multiplied by 

(1^1)® {(1 + Z{u- z-l))®l) e Bm®M[[u~^]], (3.5) 

see (1.27). This mapping determines another homomorphism X(0„) — > ® A/ . Using 
it, we turn the vector space of the X(0^) -module Tm^y) ® (U) to yet another X(0„)- 
module, which will be denoted by J-'m{V) © S[ (U) . Define an action of the Lie algebra 
qIi on the latter X(0„) -module by pulling the action of qIi on £i {U) back through the 
automorphism 

Eab ^ -5ahn/2 + Eah for a,6=l,...,L (3.6) 

The Lie algebra acts on the X(g„) -module J^m{y) © ^liU) via the tensor factor 
^m{V) . Thus J^rn{V) © (U) becomes a bimodule over the direct sum of Lie algebras 
fm © 0^/ and over the extended twisted Yangian X(g^) . In the case m = the next 
theorem becomes Proposition 2.5, where the positive integer m has to be replaced by I. 
Here we assume that J^o{V) = C so that (3o{Sij{u)) — Sij . 

Theorem 3.1. The bimodule J-'m+i{VM U)^ over f m ® 0^/ o-nd X(0„) is equivalent to 
^m{V) © S[ (U) where z = m^\. 

Proof. In the remainder of this section we shall prove Theorem 3.1. As vector spaces, 

Tm+l{V^ t/)q = (FK t/©6;(C"^+^©C"))q, 

J'miv) © £f (c/) = V © (C"^ © c") © [/ © (C^ © C") . 
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We can determine a linear map from the latter vector space to the former one by 
mapping any element f®/®u®gfto the class off®u®/®gfin the space of q- 
coinvarians. Here v eV, f e ^(C^ (g) C^) and m e t/, e ^(C' (g) C") whereas the 
tensor product f (S) g is identified with an element of Q (C"^"*"' (8) in a natural way, 
which corresponds to the decomposition 

C"'+'®C = C'"®CeC'®C. (3.7) 

Wc will show that this map establishes an equivalence of bimodules in Theorem 3.1. 

The vector space of the f^_(_/ -module V M U can be identified with the tensor product 
U(q) (g) ?7 where the Lie subalgebra q C fm+i acts via left multiplication on the first 
tensor factor. Then vWu = 1 (g) v (g) tt, so that the tensor product V<SiU gets identified 
with the subspace 

C \J{q)0V0U. (3.8) 

On this subspace, every element of the subalgebra q' C fm+i acts as zero, while the 
two direct summands of subalgebra fm® fm+i act non-trivially only on the tensor 

factors V and U respectively. All this determines the action of Lie algebra fm+i on 
U(q) ®V®U. Now consider J^rn+l{V^ U) as a f^+i -module, we will denote it by M 
for short. Then M is the tensor product of two f^+i -modules, 

M^{Vm t/) ®^(C"^+^ ®C") =U(q)®y®t/®^(C™+'®C"). (3.9) 

The vector spaces of the X(0^) -module J-'m {V) and of the Y(0[^) -module Si iU) are 
respectively y®^(C"'(g)C)andt/®^(C^(g)C). The action of the Lie algebra 
on the first vector space is defined by (2.6). By pulling back through the automorphism 
(3.6), the action of the Lie algebra q\i on the second vector space is defined by mapping 

n 

Eab ^ -Sabn/2 -\- Eab®l ^^^l^Xakdhk for a,6=l,...,L 

Identify the tensor product of these two vector spaces with the vector space 

V®C/®e?(C"'®C")®e?(C'®C") = V®f/®e?(C"^+'®C") (3.10) 

where we use the direct sum decomposition (3.7). We get an action of the direct sum of 
Lie algebras f^^ © g[; on the vector space (3.10). 
Let us now define a linear map 

X: F(g)C/«)^?(C"*+'(8)C") ^M/q-M 

by the assignment 

X' y®x®t ^ l®y®x®t -\- q-M 

for any vectors y eV , x and t E Q (C"*"*"^ ® C"^) . The operator x intertwines the 
actions of the Lie algebra © Qlf, see the definition (2.6) where m is to be replaced 
by m -|- / . Let us demonstrate that the operator x is bijective. 

Firstly consider the action of the Lie subalgebra q C fm+/ on the vector space 
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the action is defined by (2.6) where n = 1, and the integer m is replaced by m + L This 
vector space admits a descending filtration by the subspaces 

© ^(C"^)®^^(CO where N = 0,l,...,l. 

K=N 

Here Q^{C^) stands for the homogeneous subspace of ^ (C') of degree K . The action 
of the Lie algebra q on Q (C"^+') preserves each of the filtration subspaces, and becomes 
trivial on the associated graded space. 

Similarly, for any n = 1 ,2, . . . the vector space Q (C'""'"^ ® C") admits an descending 
filtration by q-submodules such that q acts trivially on each of the corresponding graded 
subspaces. The latter filtration induces a filtration of M by q-submodules such that on 
the corresponding graded quotient grM, the Lie algebra q acts via left multiplication 
on the first tensor factor U(q) in (3.9). The space V^U^g (€"'+' (g) C) is therefore 
isomorphic to the space of coinvariants ( gr M) q via the bijective linear map 

y ®x^t 1-^ l0y(8)a;0t + q-(grM). 

Therefore the linear map x is bijective as well. It now remains to show that the map x 
intertwines the actions of the algebra X(0„) . 

In this section we will use the symbol = to indicate equalities in the algebra \J{fm+i) 
modulo the left ideal generated by the elements of the subalgebra q ' C fm+i ■ Any two 
elements of U(f^_|_z) related by = act on the subspace (3.8) in the same way. We will 
extend the relation = to formal power series in with coefficients in \J{fm+i), and 
then to matrices whose entries are these series. Put 

v = u±^—m — l and w=—u±^—m — l. (3-11) 

The definition of the X(g^) -module M involves the (2m + 21) x (2m + 21) matrix 
whose a , b entry is Sab v + Fab ■ The rows and columns of this matrix are labelled by the 
indices (3.2). We proved in [KN3, Section 3] that the inverse to this matrix is related 
by = to the block matrix 

'H 
/JO 
P Q R 

where the blocks H,P,R are certain matrices of size / x / while the blocks I ,J,Q are 
certain matrices of sizes 2m x /, 2m x 2m, / x 2m respectively. Let us label the rows 
and columns of the blocks by the same indices as in the compound matrix (3.12). For 
instance, the rows and columns of the / x / matrix R are labelled bym-|-l,...,m-|-i. 

Keeping to the notation of Section 2, let F be the 2m x 2m matrix whose c,d entry 
is Fed for c,d = — m,...,— l,l,...,m. Let F{u) be the inverse to the matrix u + F. 
The entries of the matrix F{u) are formal power series in with coefficients in the 
algebra U{fm)j see (2.4). But now the algebra U{fm) is regarded clS cL clS subalgebra of 
\J{f m+i) ■ Let us denote by W{u) the trace of the matrix F{u), as we did in Section 2. 

Denote by E the / x / matrix whose a , b entry is Fab for a, 6 = m + 1 , . . . ,m + I . 
Using our embedding (3.3) of the Lie algebra qIi to fm+i , this notation agrees with 
the notation of Section 1. But now we use the indices a,6 = m-|-l,...,m-|-/to label 
the rows and columns of the matrix E . Let E{v) the inverse to the matrix v + E . Let 
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Eab{u) be the a, 6 entry of the inverse matrix. Let Z{v) be the trace of the inverse 
matrix. The coefficients of the formal power series Z{v) in belong to the centre of 
the algebra U(0[^) , which is now regarded as a subalgebra of \J{jrn+i) ■ Further, for any 
indices a,b = m + 1 , . . . ,m + I denote Eab{v) = {v + I + E')^^ . Then by Lemma 1.3 

{l + Z{v))Eab{v)=Eab{v). (3.13) 
Let a,b = m+ l,...,m + l and c,d= —m,...,—l,l,...,m. By [KN3, Section 3] 

-H.b,-a = {l + Z{v)) (^{W{V + 1) T ^ + 1)K6H ± ^Eabiv)), 

- I_d,-a = J2 ^'^d Fbc (1 + Z{v)) (^Ecd Eab{w) F_d,-c {v + I) 

b>m^c^—m 

Jed = {l + Z{v))F^d{v + l), 

Pb,-a ^ J2 Ff,-eEbf{v)Eae{w) ± Sad F f,-d Fee Ebe{v) Eaf{w) Fcd{v + I) , 

e,f>m e,f>m 

m'^c,d^—m 

-Qad= Yl FeeEae{v)Fed{v + l), Rab = Eab{v) . 

By definition of X(0„) -module M, the action of X(0n) on the elements of the subspace 

1®V®U (^C"") d M (3.14) 

can be now described by assigning to every series Sij {u) the following sum of series with 
coefficients in the algebra B„+, = U(f™+,) ® gViC'^^^ 

a,b>m 

^ H_b-a ® Xbidaj + 
a,b>m 

Y ( I-d,-a (H) Xdi daj + Id -a <^ ddl daj ) + 
a>m^d>0 

( J-c,-d <8) Xci ddj + J-c,d <8) Oj Xci Xdj + Jc,-d ® Oi del ddj + Jed <8) Oi 9j del Xdj ) 

m^c,d>0 

+ Y Pe-a ® Oideidaj ^- 
a,e>m 

X ( Qa-d 9i dat ddj + Qad ® Oi dj dai Xdj ) ■ (3.15) 
o>m^d>0 
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Here for a — 1 , . . . , m + / and i = 1 , . . . , n we use the standard generators Xai of the 
Grassmann algebra ^?(C"'+^ ® C"). Then dai is the left derivation on ^?(C"'+' ® 
relative to a^ai • The generators Xai with a ^ m and a > m correspond to the first and 
the second direct summands in (3.7). 

Consider the action of X(0^) on the elements of the subspace (3.14) modulo q ■ M, 
using the definition (2.6) where m is to be replaced by m + l . ^From now till the end of 
this section, we will be assuming that a,b,e,f — m + l,...,m + l while c,d — 1, . . . ,m. 
The indices g , h and k will run through 1, . . . ,n. 

By our description of the block R, the sum displayed in the first of six lines (3.15) 
acts on the elements of the subspace (3.14) as the sum 

+ XI ^ab{v) <S) di dj daiXbj = 
a,b 

Sij (1 + Z{v)) - Eah{v) ® Oi Oj Xb-jdal . (3.16) 

By our description of the block , the sum displayed in the second of six lines (3.15) 
acts on the elements of (3.14) as the sum over the indices a, 6 of 

- {l + Z{v)) ({W{v + l) T ^ + l)Kb(«^) ± ^^ab{v)) ®xudaj. (3.17) 

By our description of the block /, the sum in the third of six lines (3.15) acts on the 
elements of (3.14) as the sum over the indices a,b,c,d oi 

T F6,-c (1 + Z{v)) (^Eabiw) F_a,c{v + + ^"'^"'^2^^"'^''^ ^-''"^'^ + ^0 ® 

- Fk, (1 + Z{v)) (^Eabiw) F_d,-c {V + 1)± ^-b{w) -^Eab{v) ^ ^ g^. 

T Fk-c (1 + Z{v)) (Ea,{w) Fa.{v + l)± ^-b{w) -^Eabiv) + ; )) ^ ^. a,, daj 



- Ffce (1 + Z{V)) (^Eab{w) {v + I) + ^^Eab{v) _^ ^ ; ) j ^ 

Here Fi,^_c £ 1 and F^c e q. Hence modulo q • M, the expression displayed in the latter 
four lines acts on the elements of (3.14) as the sum over the index k of 

(^Eab{w) F-d,c{v - I) + -F-c,d(^ + 0) ® OkXj^-^XckXdidaj 

+ (Eahiw) F-d-civ + I) ± ^<^''('^ ) ^^^"'M p^^^^ ^^^'^ ^ XbkdckXdidaj 

± (^Eatiw) Fdc{v + l)± ^"'^""^'^ ^"'^'"^ F-C-d (^ + O) ® OiekX,~,Xckdd,daj 
+ (^Eabiw) Fd,-c {V + 1)+ ^-b{w)-^Eabiv) _^ (y + l)) ^OiX^k ^cfc ddi daj ) 
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X ((1 + Z(w))^l) . (3.18) 

By our description of the block J, the sum displayed in the fourth of six lines (3.15) 
acts on the elements of (3.14) as the sum over c,d oi 

( (1 + Z{v)) (8) 1 ) ( F_c -d iv + l)^Xci ddj + F_c,d iv + l)^ej 

+ Fc-d{v + l) Oi dci ddj + F^d{v + l) ® Oi Oj Xdj ) • (3.19) 

By our description of the block P , the sum displayed in the fifth of six lines (3.15) 
acts on the elements of the subspace (3.14) as the sum over the indices a,6,e,/ of 

plus the action of the sum over the indices a, 6, c,(i,e,/ of 

Ffd Fb-c Eebiy) Eaf{w) F_c -d (v + l) ^ 9i del daj 
±Ff,_dFb,-cEeb{v)Eaf{w)F_cA^ + l) ® 9i^e^^aj 
+ Ffd Fbc Eebiv) Eafiw) Fc,-d (V + I)^ Oi der daj 

± F/,_d Fbc Eeb{v) Eafiw) Fed [v + I) <^ 9, del daj ■ 

Modulo q ■ M, here the expression to be summed over the indices a,b,e,f acts on the 
elements of the subspace (3.14) as the sum over the index k of 

- Eefiv) Eabiw) 9i9k ^ fjf^bk dei daj 
while the expression to be summed over a,b,c,dje, f acts as the sum over g ,h of 

{Eeb{v) Eaf{w) <^l) (F_c-d(w + (g) 9i9gXbgXcgXfhddhdeidaj 
i F_c,div + I) <^ 9i 9g 9h bg '^cg fh "^dh dei daj 
+ Fc-d [v + l) ® 9iX bg dcg X fh ddh del daj 
± Fed {v + l) ® 9i 9h Xbg deg 

fh ■^dh del daj ) • 

We have = ±9^ for = 1 , . . . , n . Using the commutation relations in the ring 
QV{£,'^'^^ (8) C") , the sum over the index k above equals the sum over k of 

Eef{v) Eab{w) (g) 9i 9k Xf^ delXbk daj (3.20) 

plus _ 

^ 5beEef{v) Eab{w) ® Xfidaj ■ (3.21) 

Similarly, the sum over the indices g , h equals the sum over g ,h of 

( F-e-d (v + l) ® Xeg ddh + F-e,d {v + I) ® 9h Xeg X^f^ + 

Fe-div + l) ® 9g dcg ddh + Fcdiv + l)0 9g9hdcgx^^) x 
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{Eet{v)(^eiegXbgdei) {Eaf{w)(^Xfhdaj) (3.22) 

plus the sum over k of 

{Sef Eebiv) Eaf{w) ® 1) X 
( - F_c-d {V + 1) ® OiOuX^j^ Xck ddt daj T F_c4 {v + I) ^ e^X^j;. Xck Xdi daj 

- Fc-div + I) <8) Oi X bk dck ddi daj T -P'cd(^' + ® XbkdckXdidaj) ■ (3.23) 

By our description of the block Q , the sum displayed in the last of the six lines (3.15) 
acts on the elements of (3.14) as the sum over a, b,c,d of 

- {Fb,-cEab{v)F_^^_d{v + l) + FbcEab{v)F^^_d{v + l)) ® didalddj 

- iFb,-cEabiv)F_^^div + l) + FbcEabiv)Fadiv + l)) ® ^i^j^aja^rfj. 

Modulo q • M , the expression in the above two lines acts on the elements of the subspace 
(3.14) as the sum over k of 

{Eab{v)^l) X 

( F^c-d {v + 1) ® diOkX^j, Xck dai ddj + Fc-div + 1) <^ diX bk dck dal ddj + 
F-c,d {v + 1) ® OkX^l. Xck Oi Oj dai Xdj + Fcd{v + l) ® Xbk dck Oi 9j dai Xdj) ■ 

Note that this sum over the index k can be rewritten as the sum over k of 

[F-c,-d (v + 1) ® Xck ddj + F-c,d{v + 1) ® 9j Xck Xdj + 
Fc-d (v + l) ® Ok ddj + Fcd{v + l) ® Ok Ojd^^ Xdj) x 

{-Eab{v)®eiekX^~^dai). (3.24) 

Consider the sum of the expressions (3.23) over the running indices e,/. Add this 
sum to the expression displayed in the five lines (3.18). Using the relation 

Ecb\v)Eac\w) = — (3.25) 

e 

together with (3.13) and performing cancellations, we get the expression 

( ± F-d,c (v + l) <® 9kX^~^ Xck Xdi daj + F-d-c [v + 1) ® Xbkdck Xdi daj + 
Fd-c {v + l) ® OiXbk dck ddi daj ± Fdc{v + 1) ® didkX j,^ Xck ddi daj ) X 

{{l + Z{v))Eab{w)®l). 

After exchanging the running indices c and d, the sum over the index k of the expressions 
in the last three displayed lines can be rewritten as 

5cd (1 + Z{v)) {F-c-di'^ + I) + Fcdiv + I)) Eab{w) ®xbi daj (3.26) 
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plus the sum over k of 

(F_c -d (v + l) <^ Xci ddk + F-c,d (v + l) <^ 9k Xci x^^ + 

Fc-d {v + l) ® Oi Oct ddk + Fcd{v + 1) ® 9i 9kdci x^j^ ) x 

{- {1 + Z{v)) Eab{w) ^ Xtkdaj) . (3.27) 

Here we again used the commutation relations in the ring ^©(C"^"*"' (8) C") . 

Let us now perform the summation over all running indices in the four expressions 
(3. 19), (3. 22), (3. 24), (3. 27) and then take their total. By exchanging the running indices b 
and / in (3.22), and by replacing the running index k in (3.24), (3.27) hy g ,h respectively, 
the total can be written as the sum over indices c,d and g,h of 

((1 + Z(w))®l) X 

( F_c-d (V + I) <^ Xcg ddh + F_c4 {V + I) ®9h Xcg X^J^ + 

Fc-d{v + l) ® 9gdcgddh + Fcdiv + 1) ^g^hdcgX^f^) x 

('^^5 ~ F:ef{v)®9i9gXfgder) {Shj - ^ Eab{w) ® Xbhdaj) ■ (3.28) 
e,f a,b 

Let US perform the summation in (3.21) over the running indices b,e. Then let us 
replace the running index / by the index 6, which becomes free after the summation. 
By adding the resulting sum to the expession (3.17) we get 

-{l + Z(v)){Wiv + l) + l)Eabiw) (8) Xbidaj 

due to (3.13) and (3.25). By performing the summation in (3.26) over the running indices 
c , d and then adding the result to the last displayed expression, we get 

-{l + Z{v))Eab{w) xndaj. (3.29) 

Now do the summation over all running indices in the two expressions (3.20), (3.29) 
and then add the two resulting sums to (3.16). By using the relation (3.13) once again, 
the total can be written as the sum over the index k of 

{{1 + Z{v))®l) X 

{^ik^Y Eef{v) <8) 9i9kXj^dei) {Skj - Y Eab{w) ® Xbkdaj) . (3.30) 
e,f a,b 

By using the definition of the series Eabiy) as given before the relation (3.13), 

E,f(v) = {v + l + E')-fl = -{-u^\ + m-E')-fh 

Kb{w) = {w + l + E')-^ = -[u^\+m- E')l^ . 

We also used the definitions (3.11). Hence the sum of the expressions (3.28) over the 
indices c^d and g ,h plus the sum of the cxpcssions (3.30) over the index k can be 
rewritten as the sum over the indices g,h of the series in u~^, 
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{{1 + Z{u ± I - m - I)) ® 1) X 

{^gh + XI {F-c-d{u± i -m) (g) Xcgddh + F-c,d(M± | -m) ® ^hXcgX^^ 

c,d 

+ Fc-d{u ± i - m) (8) dcg ddh + Fcd{u ± ^ - m) (S> Og Oh dcg x^-^)) x 
{^ig + \ + m- E')^l ^diOgXfgdei) x 

ej 

a,b 

with coefficients in the algebra U(f^ © gl^) ^?P(C™+' ® C). By mapping the series 
Sij{u) to this sum wc describe the action of the extended twisted Yangian X(g„) on the 
subspace (3.14) modulo q ■ M. By comparing this sum with the product of the series 
(3.4) and (3.5) where z = m =F | , we now prove that the map x intertwines the actions 
of X(gn) ; here we use (1.26) and (2.8). This completes the proof of Theorem 3.1. □ 

4. Zhelobenko operators 

Let us consider the hyperoctahedral group S^m ■ This is the semidirect product of the 
symmetric group &m and the Abelian group , where &m acts by permutations of 
the m copies of Z2 . In this section, we assume that m > . The group Sjm is generated by 
the elements a a with a — 1 , . . . , m . The elements a a with the indices a — 1 , . . . , m— 1 are 
elementary transpositions generating the symmetric group &m , so that aa = (a , a + 1) . 
Then o"^ is the generator of the m-th factor Z2 of Zg* . The elements ui , . . . , e S)rn 
are involutions and satisfy the braid relations 

O-aO-a+lCTa = O-a+iaaCTa+l for a = l,...,m-2; 

CTaCTh = CTbCTa for a = 1 , . . . , 6 - 2 ; 

Note that S^m is the Weyl group of the simple Lie algebra sp2m • Let ?Bm, be the 
braid group corresponding to Sp2m • generated by the elements 5i , . . . , am which 
by definition satisfy the above displayed relations, instead of the involutions ui , . . . , am 
respectively. For any reduced decomposition a = • • • in -ftm pnt 

a = aai...aaK- (4.1) 

The definition of a is independent of the choice of a reduced decomposition of a . 

The group f)m also contains the Weyl group of the reductive Lie algebra 502m as a 
subgroup of index two. Denote this subgroup by i^^i ; is generated by the elementary 
transpositions a"i , . . . , am-i and by the involution cr^ = am c"m-i Cm- Along with the 
braid relations between (Ji , . . . , am-i , we also have the braid relations involving a^ , 

CaCm = (^'m^a for a = l,...,m — 3,m — 1; 

(^m-2(Tm(^m-2 = U ^ m-2 CT U • 
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When m > 1 , the braid group of S02m is generated by m elements satisfying the same 
braid relations instead of the m involutions ui , . . . , am-i , cr^ respectively. When m — 1, 
the braid group corresponding to fm = 502 consists of the identity element only. 

Now let the indices c,d run through — m, . . . , — 1 , 1 , . . . , m. For c > we denote 
c = m + 1 — c; for c < denote c = — m — 1 — c. Consider a representation cr i— > of 
the group S^m by permutations of — m 1,1,... ,m such that 

a{c) = a{c) for a e &m (4.2) 

and am (c) = — c if |c| = 1 , while am (c) = c if |c| > 1 . We can define an action of the 
braid group ^m. by automorphisms of the Lie algebra fm, , by the assignments 

5 : Fed ^ F^(c)^(d) for cr G S^, (4.3) 

am : Fed ^ (±l)^- + ^-F^^(,)^^(d) ; (4.4) 

cf . [T] . According to our convention on double signs, the upper sign in ± corresponds to 
fm — 302m 5 while the lower sign corresponds to fm = Sp2m ■ The automorphism property 
can be checked by using the relations (2.3), see the proof of Part (i) of Lemma 4.1 below. 
This action of the group 05^ on fm extends to an action of 55m by automorphisms of 
the associative algebra U(fm)- Note that in the case fm = -502m the action of Q5m on 
U(fm) factors to an action of the group Sjm ■ 

Further, one can define an action of the braid group 03^, by automorphisms of the 
algebra ^P(C"* ® C") in the following way. Put 



^ (»^ai) X (t(o) i 


and 




= d^{a)i 


for 


a eGm 




and 




= dai 


for 


a > 1, 




and 




= OiXn 







where i = 1, . . . ,n. Note that in the case fm — S02m the clement G 03™, acts on 
xii and on du as the identity, so that the action of QSm on Q'D{C^ ® C") factors to 
an action of the group ^m • But in the case fm = Sp2m the element a^ acts on xu and 
on dii as minus the identity, because 9i9i = —1 in this case. This is why we use the 
braid group, rather than the Weyl group Sjm of the simple Lie algebra 5p2m ■ Taking the 
tensor product of the actions of Q3m on the algebras U{fm) and QV^C^ <S) C"^) , we get 
an action of 5Bm by automorphisms of the algebra — U(fm) ® Q'D{C"^ ® C"^) . 

Lemma 4.1. (i) The map Cn : ^ifm) QV{C^ ® C"-) is ^m -equivariant. 

(ii) The action of 03^ on leaves invariant any element of the image of X(g^) under 

the homomorphism Pm- 

Proof. Let us employ the elements pd and qd of the algebra QV (C"^ ® C"^) , introduced 
immediately after stating Proposition 2.3. In terms of these elements, the action of 05^ 
on the algebra QT>{C'^ (g) C") can be described by setting 

^iPci)=Pa{c)i and ^{qci) = qaic)i for a e &m , 

amiPci) = {±l)^''Pa^{c)i and am(fc) = (±l)'^"'?5^(c)i 

where c = — m, . . . , —1 , 1 , . . . , m. Part (i) follows by comparing our definition of the 
action of ^m on fm with the description (2.10) of the homomorphism (n- Part (ii) 
follows similarly, using the description (2.9) of Pm ■ n 
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Consider the Cartan subalgebra f) from the triangular decomposition (2.17). In the 
notation of this section, our chosen basis of i) is {F-a,-a\(i — l,...,m). Now let 
(£a I a = 1 , . . . , m) C f)* be the dual basis, so that £5 {F-a,-a) = Sab ■ For c < put Sc = 
— £-c ■ Thus the element Sc G [)* is defined for every index c = — m,...,— l,l,...,m. 

Consider the root system of the Lie algebra in ^* . Put 

?7o=£a-£a+i for a=l,...,m-l. 

Also put T]^ = Sm-i + in the case = S02m , and r]rn = '^^m in the case = Sp2m • 
Then rji, . . . , rjm are the simple roots of frn ■ Denote by A'^ the set of positive roots of frn ■ 
These are the weights Ea — £b and Sa + where l^a<6^min the case fm = S02m , 
and the same weights together with 2ea where 1 ^ a ^ m in the case frn = Sp2m- We 
assume that in the case = SO2 the root system of fm is empty. Let p be halfsum of 
positive roots of fm , so that its sequence of labels ( pi , . . . , ) is ( m — 1 , . . . , ) in the 
case = 502m : and is (m , . . . , 1 ) in the case = Sp2m ■ For each a — 1, ...,m — 1 put 

-^a ~ -^-0,-0+1 ' = -P'-H+T^-a 5 Ha = F_a,-d — -P'_^TpT,_^TpT • (4.6) 

Put 

^rn = F_-:^^^ — , = F— _;^^j3Y , Hm = F_:^^^ _:^^^ + F_rn^_jfi (4.7) 
in the case fm — 502m with m > 1. In the case when fm — Sp2m 5 P^^ 

-E'm — F—rn,m/'^^ Fm — Pm,—ra/'^^ Hm — F—m,—rn- (4.8) 

For every possible index a the three elements Ea, Fa, Ha of the Lie algebra fm span a 
subalgebra isomorphic to sl2 . They satisfy the commutation relations 

[Ea,Fa]^Ha, [Ha,Ea]=2Ea, [Ha , Fa] ^ -2 Fa . (4.9) 

So far we denoted by the associative algebra \J{fm) ® ^©(C^^C") . Let us now 
use a different presentation of the same algebra. Namely, from now until the end of the 
next section, on we will regard B^, as the associative algebra generated by the algebras 
U(f^) and gViC^ ® C") with the cross relations 

[X,Y] = [Cn{X),Y] (4.10) 

for any X e fm and Y e ^©(C"" ® C"). The brackets at the left hand side of the 
relation (4.10) denote the commutator in B^ , while the brackets at the right hand side 
denote the commutator in the algebra Q'D{C'^ ® C"') embedded to B^. In particular, 
we will regard U( fm) as a subalgebra of Bm ■ An isomorphism of this B^, with the tensor 
product U{ fm) ® Q'D{C'^ C") can be defined by mapping the elements X & fm and 
Y e QV{C'^ ® C"^) of B^ respectively to the elements 

X(8) 1 + 1 0Cn(^) and 1 (g) F 

of U(f^) gV (C"^ ® C) . Here we use (2.6). The action of the braid group ^m on 
is defined via its isomorphism of B^ with U(f^) (g) QT>{C'^ (8) €"■) . Since the map Cn 
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is 23^-equivariant, the same action of ^B^n is obtained by extending the actions of 03^ 
from the subalgebras U(f^) and ^?P(C"' O C^) to B^. 

Now consider the following two sets of elements of the algebra U(l)) C U(fm) : 

{Faa-Fbb + z, Faa + Fi,b + z\ l^a<bi^m, zeZ}, (4.11) 
{Faa + z\l^a^m, zeZ}. (4.12) 

In the case = S02m , denote by U([)) the ring of fractions of the commutative algebra 
U(f)) relative to the set of denominators (4.11) . In the case = Sp2m ) denote by V{i)) 
the ring of fractions of U(f)) relative to the union of sets (4.11) and (4.12). The elements 
of the ring U(()) can also be regarded as rational functions on the vector space [)* . The 
elements of the subalgebra U([)) C U([)) are then regarded as polynomial functions on f)*. 

Denote by the ring of fractions of B^^i relative to the same set of denominators 
as was used to define the ring of fractions U(f)). But now we regard these denominators 
as elements of B^ using the embedding of i) G fm into B^ . The ring B^ is defined due 
to the following relations in B^ ■ For c < put Ec = —£-c ■ Thus the element Ec G f)* is 
defined for every c = —m 1,1,.. .,m. Then for any element H E i) we have 

[H,Fcd] = {Sd- ec){H)Fcd for c,d = -m, . . . , -1 ,1 , . . . ,m; 
[H ,Xci] = -eciH)xci and [H ,dci] = SciH) dd for c=l,...,m. 

So the ring B^ obeys the Ore condition relative to our set of denominators. Using left 
multiplication by elements of U([)), the ring B^ becomes a module of U([)). 

The ring B^ is also an associative algebra over C . The action of the braid group 05^ 
on B^ preserves the set of denominators, so that 03^, also acts by automorphisms of 
the algebra Bm- Using the elements (4.6) and (4.7) when f^, = S02m, or the elements 
(4.6) and (4.8) when fm = -Sp2rrn every simple root rja of fm define a linear map 

Co • -^m ^ 

by setting 

oo 

uy) = y+ E i^^-H^'^r'E^F^iY) (4.13) 

where 

H^'^ ^{Ha){Ha-l)---iHa-S + l) 

and Fa is the operator of adjoint action corresponding to the element Fa G B^ , 

Fa{Y) = [Fa,Y]. 

For a given element Y G B^ only finitely many terms of the sum (4.13) differ from 
zero. In the case = SO2 there are no roots of f^, and no corresponding operators 
B^ — > B^ . On the other hand, in the case when frn = S02m with m > 1 , by (4.4) 

Cm — Cm— 1 ) 



because 
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Let J and J be the right ideals of algebras and respectively, generated by all 
elements of the subalgebra n C . The following two properties of the linear operator 
go back to [Z, Section 2]. For any elements X E i) and Y e B^, 

^a{XY) e {X + rja (X)) ^a{Y) + J, (4.14) 
UyX) e CaiY)iX + riaiX)) + J. 

See [KNl, Section 3] for detailed proofs of these two properties. The proofs use only the 
commutation relations (4.9), not the actual form of elements Ea, Fa, Ha- 
The property (4.14) allows us to define a linear map '■ — J \Bm by 

^a{XY) = Z^a{Y) +3 for XeViJ)) and F G B„, 

where the element Z e U(f)) is defined by the equality 

Ziii) = Xin + rja) for /i e i)* 

when both X and Z are regarded as rational functions on I)* . The backslash in J \ B^ 
indicates that the quotient is taken relative to a right ideal of B^ • For the proofs of the 
next two propositions see [KN3, Section 4]. 

Proposition 4.2. For any simple root rja of fm we have the inclusion 5 (J) C ker^a 
where u = Ua unless fm = S02m o,nd a = m, in which case a = . 

Recall that n' denotes the nilpotent subalgebra of fm spanned by all the elements Fed 
with c < d. Due to the relation Fed = — ^cdF-d,-c the subalgebra n' is also spanned 
by the elements F^d with c < d and c < . Now for any a = 1 , . . . , m denote by the 
vector subspace of fm spanned by all the elements Fed with c < d and c < 0, except the 
element Ea- Denote by J' the left ideal of Bm, generated by the elements X — Cn{X) 
where X e n'. Under the isomorphism of Bm with U(fm) ® QVi^C^ ® C"), for any 
X e fm the difference X — (niX) G Bm is mapped to the element 

x^ie u(fm) 1 c u(fm) ® gvic^ C") . (4.15) 

Let Jo be the left ideal of Bm , generated by the elements X — Cn{X) with X e n'^, and 
by the element £;„ G Bm - Denote J' = U(^) J' and J'^ = U(^)Ja- Then both J' and j;^ 
are left ideals of the algebra Bm • 

Proposition 4.3. For any simple root rja of jrn we have ^a{^ i^'a)) C J'+ J where 
a = aa unless fm = S02m (^nd a = m, in which case a = . 

Proposition 4.2 allows us to define for any simple root rja a linear map 

'■ J \Bm J \Bm 

as the composition a applied to the elements of Bm taken modulo J . Here the simple 
reflection cr G S)rn is chosen as in Proposition 4.2. In their present form, the operators 
^i,...,^m on the vector space J \Bm have been defined in [KO]. We call them the 
Zhelobenko operators. For the proof of the next proposition see [KO, Sections 4 and 6]. 
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Proposition 4.4. The Zhelobenko operators satisfy the braid relations corresponding to 
the Lie algebra fm ■ Namely, in the case fm = •Sp2m '"^^ have 

iaia+lia = ia+liaia+l for a=l,..., 777,- 2; (4.16) 

Lih = ibL for a = l,...,6-2; (4.17) 

Cm— 1 Cm Cm— 1 Cm — 

In the case when fm — S02m and m > 1, we have the same relations (4.16) and (4.17) 
between Ci: • • • )Cm-i oss in the case = ^p2m o,bove, and also the relations 

iaim = imia for a = 1 , . . . , m - 3 , m - 1 ; (4.18) 

Cm— 2 Cm Cm— 2 — Cm Cm— 2 Cm • 

For = sp2m 5 by using any reduced decomposition of an element a e S^m in terms 
of tlie involutions a"i , . . . , am , we can define a linear operator 

C, : J\B^^J\B^ (4.19) 

in the usual way, like in (4.1). This definition of Co- is independent of the choice of a 
reduced decomposition of a due to Proposition 4.4. 

When fm = sp2m 7 the number of the factors cti , . . . , cr^ in any reduced decomposition 
cr G S)m will be denoted i{o'). This number is also independent of the choice of the 
decomposition, and is equal to the number of elements in the set 

A, = {rieA+\(7{ri)^A+} (4.20) 

where Z\+ denotes the set of positive roots of the Lie algebra Sp2m • 

Now suppose that = S02m • Then by using any reduced decomposition in terms 
of (Ti , . . . , am-i 1 o'm i define a linear operator (4.19) for every element cr e . 

Again, this definition is independent of the choice of a reduced decomposition of cr due 
to Proposition 4.4. It turns out that in this case we can extend the definition of the 
operator (4.19) to any element cr e S^m, where m ^ 1. Note that in this case the action 
of the element am on B^^^ preserves the ideal J , and therefore induces a linear operator 
on the quotient vector space J \ B^^^ . This operator will be again denoted by am ■ The 
extension of the definition of the operators (4.19) to cr e S^m is based on the next lemma, 
which has been proved in [KN3, Section 4]. 

Lemma 4.5. When fm = 502m o.nd m > 1, the operators Ci , • • • , Cm-i )5^m on J \ B^ 
satisfy the same relations, as the m generators of the braid group respectively. Then 
we also have the relation 

Cm — Cm — 1 CTm ■ (^'^-i) 

Now for fm = 502m with any m ^ 1, take any decomposition of an element cr G S)m in 
terms of the involutions cri , . . . , cr^ such that the number of occurencies of cri , . . . , cr^_i 
in the decomposion is minimal possible. For fm — S02m the symbol i (cr) will denote this 
minimal number. Note that unlike for fm = Sp2m 5 ^^^^ count the occurencies of 

am in the decomposition. All the decompositions of cr e S)m with the minimal number of 
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occurencies of cti , . . . , cr^-i can be obtained from each other by using the braid relations 
between ui , . . . , am E S^m along with the relation — 1 . 

By substituting the operators , . . . , |rn-i , on J \ for involutions ui , . . . , cr^ 
in such a decomposition of a G i^m , we obtain another operator on J \ B^ . The latter 
operator does not depend on the choice of a decomposition because of the first statement 
of Lemma 4.5, and because the operator on the vector space J \B^ is the identity 
in the case = 502m considered here. Moreover for a G Sj^ C S)rn , the operator on 
J \ B^ obtained by the latter substitution coincides with the operator (4.19). Indeed, for 
fm = S02m the Operator (4.19) has been defined by substituting the Zhelobenko operators 
^ 1 , . . . , $,m-i 1 im for (Ti , . . . , CT^-i , (T^ in any reduced decomposition of cr G S^'^ ■ The 
coincidence of the two operators for a G now follows from the relation (4.21). Thus 
we have extended the definition of the operator (4.19) from a G to all a G S^m ■ 

Note that for = S02m and a G 9)!^, the number l{a) is equal to the length of a 
reduced decomposition of a in terms of di , . . . , am-i , • Thus we have also extended 
the standard length function from the Weyl group of S02m to the hyperoctahedral 
group S^rn ■ Moreover for any a G S^m , not only for a G Sj^ , the mnnbcr £ (a) equals the 
number of elements in the set (4.20), where is the set of positive roots of S02m- 

^From now we shall consider = S02m and fm = Sp2m simultaneously, and will work 
with the operators (4.19) for all elements a G Sjrn- In particular, in the case frn = S02m 
we will assume that the operator (4.19) with a = am acts as am- 

The restriction of the action (4. 3), (4. 4) of the braid group Q3m on jm to the Cartan 
subalgebra [) factors to an action of the hyperoctahedral group S)m ■ This is the standard 
action of the Weyl group of fm = Sp2m • The resulting action of the subgroup 9)^ C S^m 
on f) is the standard action of the Weyl group of fm = S02m • The group S^m also 
acts on the dual vector space f)*, so that cr(£c) = £a{c) for any a G S^m and any 
c = — m,...,— l,l,...,m. Unlike in (4.2), here we use the natural action of the group 
by permutations of — m,...,— l,l,...,m. Thus Uo G S^m with 1 ^ a < m exchanges 
a,a + 1 and also exchanges —a,— a — 1 while cr^ G S)rn exchanges m,—m. Note that 
we always have cr(— c) = —a{c). If we identify each weight G 1^* with the sequence 
(//I , . . . , ^rn) of its labels, then 

a- : (//i,...,/x^) ^ (//^-i(i),...,//^-i(^)) for aeSm, 

O'm '■ il^l 5 • • • 5 /^m) ^ (/^l 5 • • • 5 /^m-l, — /^m ) • 

The shifted action of the group S^m on the set [)* is defined by the assignment 

fj,i-^aofi = a{iJ, + p)-p for crG iOm • 

By regarding the elements of the commutative algebra U(f)) as rational functions on the 
vector space f)* we can also define an action of the group S)m on this algebra: 

(aoX){ii) = X(a-'^o ii) for XgU(^). (4.22) 

The next proposition has been also proved in [KN3, Section 4]. 

Proposition 4.6. For any a G i^m; X G U([)) and Y E 3 \ Bm we have the relations 



iAXY) = {aoX)i,{Y), 

Uyx) = e.(y)(aox). 



(4.23) 



38 



Sergey Khoroshkin and Maxim Nazarov 



5. Intertwining operators 

Let 5 = {5i , . . . , 5m) be any sequence of m elements from {1,-1}. The hyperoctahedral 
group S)rn acts on the set of all these sequences naturally, so that the generator Uo G S^m 
with a < m acts on 5 as the transposition of 5a and 5a+i , while the generator a-m G 
changes the sign of 5m ■ Let 5-s^ — (1 , . . . , 1) be the sequence of m elements 1. Given any 
sequence (5, take the composition of the automorphisms of the ring ^P(C"^ ® C"^) , 

Xai^Oidat and dai^OiXai whenever 5a = -l. (5.1) 

Here a ^ 1 and i = 1, . . . ,n. Let us denote by w this composition. In particular, the 
automorphism w corresponding to 5 — (1,...,!,— 1) coincides with the action of am 
on QV{C^ (8> C") , see (4.5). In the case fm = S02m7 the automorphism is involutive 
for any 5 . But in the case fm — 5p2m ^be square tu^ maps 

Xai^-Xai and dai^-dai whenever 5a = -1. 

For any -module V, the action of X(0^) on J^m{V) = V^Q (C^^^C") is defined by 
the homomorphism Pm ■ X(0n) ^ V(fm)®GT>(C'^®C'^) , see Proposition 2.3. Further, 

the action of Lie algebra fm on the second tensor factor ^(C^^C"") of TmiV) is defined 
by means of homomorphism C„ : \J{fm,) — ^ QV{C"^ ^C^) , see definition (2.6). Here any 
element of the ring QV (C"^®C"^) acts on the vector space Q (C^^C"^) naturally. We can 
modify the latter action, by making any element y e ^^(C^^^C") act on ^(C^(8)C^) 
via the natural action of zu{Y). Then we get another QT>{C'^ (8) €"■) -module, with the 
same underlying vector space ^ (C"^ (x) C") for every 5 . 

For any -module V, we can now define a bimodule J-'s{V) of fm, and X(g^). Its 
underlying vector space is the same F®^(C"^®C"^) for every 5 . The action of ^{Qn) on 
J-'s {V) is defined by pushing the homomorphism Pm forward through the automorphism 
w, applied to QV{C'^ C?) C") as to the second tensor factor of the target of . The 
action of fm on J-'s {V) is also defined by pushing the homomorphism forward through 
the automorphism zu . Thus the actions of X(0„) and fm on the bimodule J-s{V) are 
respectively determined by the compositions of the homomorphisms 

x(0„) uifm) gv{c"' (8) c^) u(u) gvic^ ^ c^) , 

U(U U(f^)0e?P(C^®C") U(U0^P(C"^(8)C"). 
Note that here we have 

Now let e f)* be any weight of fm , such that 

IJ^a — IJ'b ^ and Ha + IJ'b ^ whenever 1 ^ a < b ^ m. (5.2) 

In the case fm = Sp2m also suppose that, in addition to (5.2), 

2//a ^ Z whenever 1 ^ a ^ m. (5-3) 

We shall now proceed to show how for every element a e S)m > the Zhelobenko operator 
(4.19) determines an X(0„)-intertwining operator 
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^m(M^)„ ^ j^5(M,0M)n where S = a{S+). (5.4) 

In this section we keep regarding as the associative algebra generated by 
and QT>(£,'^ C^) with the cross relations (4.10). Let Is be the left ideal of algebra 
Bm generated by the elements Xai with da — —1, and the elements dai with 5^ = 1. 
Here a = 1 , . . . , m and i = 1 , . . . , m. Note that in terms of the elements qd introduced 
immediately after stating Proposition 2.3, the left ideal 1 5 is generated by the elements 
Q-Saa,i where again a = l,...,m and i = l,...,m. In particular, the ideal 1 5^ is 
generated by all the left derivations dai ■ Let 1 5 be the left ideal of generated by the 
same elements as the ideal of 1,5 of . 

Consider the image of the ideal 1 5 in the quotient space J \ B^ , that is the subspace 
J \ (I^ + J ) in the quotient space J \ B^ . The image will be occasionally denoted by the 
same symbol Ij . In the context of the next proposition, this should cause no confusion. 

Proposition 5.1. For any a e fi^n the operator maps the subspace Ig^ to Icr(<5+) • 

Proof. For any a = 1 , . . . , m — 1 consider the operator Fa corresponding to the element 
FaEBm. By (4.6) and (2.6), (4.10) for any Y e gV{C'^ ® C") we have 

n 
k=l 

Similarly, in the case fm = Sp2m by (4.8) for any Y e QV {C^ (g) C^) we have 

n 
k=l 

In the case fm = S02m we do not need to consider the operator F^. , because in this case 
the operator (4.19) corresponding to cr = cr^ acts on J \B^ as by our definition. 

The above description of the action of Fa with a < m on QT>{£,'^ ® C"^) shows that 
this action preserves each of the two 2n dimensional subspaces, spanned by the vectors 

Xai and ic^qij;^ where z = l,...,n; (5-5) 
dai and ^^qrij where z = l,...,n. (5.6) 

This action also maps to zero the 2n dimensional subspace, spanned by 

Xai and ^^qiji where z = l,...,n. (5.7) 

Therefore for any 5, the operator ^a with a < m maps the left ideal 1 5 of Bm to the 
image of Is in J \B^, unless da — I and da+i — —1- The operator on J \ Bm was 
defined by taking the composition of ^a and a a • Hence ^a with a < m maps the image 
of 1 5 to the image of iaa{S) 1 unless 5a = —1 and (5a+i = 1 . 

In the case = Sp2m 1 ^^e action of Fm on the vector space QT>{C'^ C") maps to 
zero the n dimensional subspace spanned by the elements 



Xmi = xii where z = l,...,n. 



(5.8) 
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Therefore the operator maps the left ideal 1 5 of Bm to the image of 1 5 in J \Bm, 
unless dm — Hence the operator on J \ maps the image of 1 5 to the image of 
lamiS) 5 unless Sm = —i - In the case fm = S02m5 we just note that am maps the image 
of 1 5 in J \ to the image of la^iS) • 

^From now on we will denote the image of the ideal 1 5 in the quotient space J \ B^ 
by the same symbol. Put 

m 
a=l 

Then for every a e Sjm we have the equality cr{S) = cr{S) where at the right hand side 
we use the action of the group S)m on f)*. Let ( , ) be the standard bilinear form on f)*, 
so that the basis of weights Sa with a = 1 , . . . , m is orthonormal. The above remarks 
on the action of the Zhelobenko operators on 1 5 can now be restated as follows: 

if {5,ea- Sa+i) > then (Ij) C for a=l,...,m-l; (5.9) 

if {5,Sm)>0 then |m( ) C for fm=sp2m- (5-10) 

We shall prove Proposition 5.1 by induction on the length of a reduced decomposition 
of 0" G Sjm in terms of ui , . . . , am ■ This number has been denoted by £{a) in the case 
fm = Sp2m ) but may be different from the number denoted by £{a) in the case fm = S02m • 
Recall that in both cases i{a) equals the number of elements in the set (4.20), where 
is the set of positive roots of fm ■ 

If a is the identity element of 9)m, Proposition 5.1 is tautological. Suppose that for 
some a G S^m , 

^<t(I5+ ) C Io-(<5+) • 

Take aa G Sjm with 1 ^ a ^ m , such that aa a has a longer reduced decomposition in 
terms of ui , . . . , am than cr. If = S02m and a = m, then ^umo- = and we need 

the inclusion 

?m ( Ia(5+) ) C lama{5+) , (5-11) 

which holds by the definition of the action of i^^n on J \ B^ . 

We may exclude the case when fm = S02m and a = m, and assume that 

£{aaa) ^£{a) + l. (5.12) 

Firstly, suppose that a < m here. Let us then prove the inclusion 

By (5.9), the latter inclusion will have place if 

{a{d+) , Ea - Sa+l) = (cr(?+) , " £a+l) > 0. 

But the condition (5.12) for a < m implies that Ea — £a+i ^ ^{^~^)- Indeed, because 
the root — £a+i of fm is simple, o"a(?7) G Z\+ for any rj G Z\+ such that r] ^ Sa — £a+i • 
Since £{a) and £{aaa) are the numbers of elements m. A^j and A^^a respectively, here 
Ea —Sa+l G cr(Z\+). So Sa — Sa+l = (^{sb — Sc) where 1 ^ 6 ^ m and 1 ^ |c| ^ m. Thus 
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(cr(5+) , Sa - Sa+l) = , cr {^b - ^c) ) = (5+ , - ^c) > 0. 

Now suppose that a = m. Here we assume that fm = sp^m- We need the inclusion 
It will have place if 

(cr(5+),£rn) = (c^(^+) ,£m) > 0. 

But the condition (5.12) for a — m implies that 2em G cr(^''')5 where is the set of 
positive roots of Sp2m- Indeed, because the root 2em oi 5p2m simple, (Tmiv) ^ fo^' 
any rj e such that r] ^ 2em- Since £(cr) and £{am<T) are the numbers of elements in 
Aa- and /^a^a respectively, here 2em G ■ So Em = cri^b) where 1 ^ 6 ^ m. Thus 

((7(5+) ,£^) = (C7(?+) ,C7(£6)) = {S+ , Eb) > 0. □ 

Corollary 5.2. For any cr e S^m the operator on J \ "Qrn maps 

J\(J'+l5++J) ^ J\(J' + Ia(5+)+J)- 

Proof. We will extend the arguments used in the proof of Proposition 5.1. In particular, 
we will again use the length of a reduced decomposition of cr in terms of cti , . . . , (Jm ■ If c 
is the identity element of S^rn , then the required statement is tautological. Now suppose 
that for some a G :^rn the statement of Corollary 5.2 is true. Take any simple reflection 
Co £ with 1 ^ a ^ m , such that Ua a has a longer reduced decomposition in terms 
of 

(^1 : ■ ■ ■ T (^m than cr . In the case frn — S02m we may assume that a < because in 
that case the required statement for cr^cr instead of cr is provided by (5.11). 

Thus we have the equality (5.12). With the above assumption on a, we have proved 
that (5.12) implies 

(^^),77„)^0. (5.13) 
Here r]a is the simple root corresponding to cr^. But (5.13) implies the equality 

+ = Ja+Ia(5+) (5-14) 

of left ideals of B^ . Indeed, the left and right hand sides of (5.14) differ by the elements 
y Cn(-E'o) where Y ranges over B^. The condition (5.13) implies that Cn{Ea) £ Ict(5+) j 
see the definition (2.6) and the arguments in the beginning of proof of Proposition 5.1. 
Using Proposition 4.3 and the induction step from our proof of Proposition 5.1, maps 

J \ (J' + 1,(5+) + J) = J \ (j; + 1,(5+) + J) ^ J \ (J' + 1,^,(5+) + J) . 

This makes the induction step of our proof of Corollary 5.2. □ 

Let 1^,5 be the left ideal of the algebra B^ generated by I5 + J' and by the elements 

F-a,-a - Cn (F-a-a) " /^a where a = 1 , . . . , m . 

Recall that under the isomorphism of the algebra B^ with U( fm) ^ QT^ (C"^ (S> C") , the 
difference X — C,n{X) G for every X G fm is mapped to the element (4.15). Denote 
by I^^5 the subspace U(f)) of B^ , this is also a left ideal of B^ • 
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Theorem 5.3. For any element a e S)rn the operator on J \ Bm maps 

J \ (I/u,5+ + J) ^ J \ (Iao/i,cT(5+) + J)- 

Proof. Let k be a weight of fm with the sequence of labels (ki , . . . , K,m) ■ Suppose that 
the weight n satisfies the conditions (5.2) instead of In the case = 5p2m '^^ ^^^^ 
suppose that k satisfies the conditions (5.3) instead of /i. Denote by I^^^ be the left 
ideal of generated by + J' and by the elements 

F_a-a - «a where a = 1 , . . . , m. 
Proposition 4.6 and Corollary 5.2 imply that the operator on J \ Bjn maps 

J \ (Ik,<5+ + J) ^ J \ (IaoK,a(5+) + J)- 

Now choose 

i^a = f^a + n'/2 for a = l,...,m. (5.15) 

Then the conditions on n stated in the beginning of this proof are satisfied. For every 
c e we shall prove the equality of left ideals of , 

Io-o«:,cr((5+) = Icro^t,cr(5+) • (5.16) 

Theorem 5.3 will then follow. Denote S — a{d+). Then by our choice of k we have 

croK = cro// + n5/2 (5-17) 

where the sequence S is regarded as a weight of , by identifying the weights with their 
sequences of labels. Let a run through 1 , . . . , m. If = 1 then by the definition (2.6), 

n 

Cn (F-a-a) - n/2 = -^Xak dak £ ■ 

k=l 

li 5a = —1 then the same definition (2.6) implies that 

n 

Cn{F-a-a)+n/2 = ^ dak^ak £ Ij- 

k=l 

Hence the relation (5.17) implies the equality (5.16). □ 

Consider the quotient vector space Bm/^^i,5 for any sequence 5. The algebra U(fm) 
acts on this quotient via left multiplication, being regarded as a subalgebra of B^ . The 
algebra X(g^) also acts on this quotient via left multiplication, using the homomorphism 
I3m '■ X(gn) Bm, . Recall that in Section 2, the target algebra B^, of the homomorphism 
j3m was defined as \i{^m) ® QV {<C^ ® C"^) . Here we use a different presentation of the 
same algebra, by means of the cross relations (4.10). In particular, here the image of f3m 
commutes with the subalgebra U(f^) of B^; see Proposition 2.3, Part (ii). Thus here 
the vector space Bto,/I/j,5 becomes a bimodule over f^. and X(g„) . 

Consider the bimodule J^s (M^) over fm and X(0„) , defined in the beginning of this 
section. This bimodule is equivalent to B^ /^n,s- Indeed, let Z run through Q (C^^C"^) . 
Then a bijective linear map 
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intertwining the actions of frn ^ind X(0„) can be defined by mapping the element 
to the image of 

m^\Z) e gViC^ C") C Bm 

in the quotient / • The intertwining property here follows from the definitions of 
J-'s (M^) and 1^,5- The same mapping determines a bijective linear map 

J^s{M^) ^ B^/Im- (5.18) 

In particular, the space J^s (M^) „ of n-coinvariants of J^s (M^) is equivalent to the 
quotient J \ Bm / li_i,s as a bimodule over the Cartan subalgebra i) G fm and over X(g„) . 
But Theorem 5.3 implies that the operator on J \B^ determines a linear map 

J\Bm/i/i,5+^ J \Bm/iaon,aiS+)- (5.19) 

The latter map intertwines the actions of X(0„) on the source and the target vector 
spaces, because the image of X(g^) in Bm relative to Pm commutes with the subalgebra 
U(fm) C B^; see the definition (4.13). We also use Lemma 4.1, Part (ii). Recall that 
^miy) = ^5+ (V) ■ Hence by using the equivalences (5.18) for the sequences 5 = 5+ and 
5 = cr{5+) , the operator (5.19) becomes the desired X(g^) -intertwining operator (5.4). 

As usual, for any f ^-module V and any element A e [)* let C F be the subspace 
of vectors of weight A , so that any X e acts on via multiplication by A (X) e C . 
It now follows from the property (4.23) of ^o- that the restriction of our operator (5.4) 
to the subspace of weight A is an X(0„) -intertwining operator 

.F„(M^)^ ^ J^5(M,op)r^ where 5 = a{5+). (5.20) 

At the end of Section 2, we defined the modules Pz and over the Yangian Y{qI^) . 
The underlying vector space of these modules is the Grassmann algebra Q (C"). This 
algebra is graded by 0, 1 , . . . , n. The actions of Y(0l^) on Pg and preserve the degree. 
Now for any N = 1 , . . . , n denote respectively by P/^ and Pz~^ the submodules in Pg 
and P^ which consist of the elements of degree N . Note that Y{q[^) acts on the subspace 
of Pz of degree zero trivially, that is via the counit homomorphism Y(g[^) C. That 
action of Y(0[^) does not depend on 2. It will be convenient to denote by P^ the vector 
space C with the trivial action of Y(gl^) . 

Denote 

Ua = n/2 + fia — K for a = l,...,m. (5.21) 

Suppose that ui, . . . ,Um G {0 , 1 , . . . , n} , otherwise the source X(0„) -module in (5.20) 
would be zero by Corollary 2.6. Under our assumption. Corollary 2.6 implies that the 
the source X(0^) -module in (5.20) is equivalent to 

^;r+. ® <riV.+i ® • • • ® p,\\.+m-i (5.22) 

pulled back through the automorphism (1.17) of X(0^) , where f{u) is given by (2.26) and 
z = ^\. A more general results is stated as Proposition 5.4 below. The tensor product 
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in (5.22) is that of Y(0[^) -modules. Then we employ the embedding Y{Qn) C Y(g[„) and 
the homomorphism X(g„) — > Y{Qn) defined by (1.18). By using the labels pi , . . . , pm of 
the halfsum p of the positive roots of fm, the tensor product (5.22) can be rewritten as 

P"""^ 1^ ®...®P''' . (5.23) 
By using the labels pi , . . . , we can also rewrite the product (2.26) as 

m ,1 

n ^ + ^ ^" . (5.24) 
Let us now consider the target X(0„) -module in (5.20). For each a = 1 , . . . , m denote 

Ata = /^|<T-i(a)h '^a = 1^\a~^{a)\-, Pa = P \a-^{a)\ ■ 

The above description of the source X(gn) -module in (5.20) can now be generalized to 
the target X(g^) -module, which depends on an arbitrary element a e S^rn- 

Proposition 5.4. For 5 = a (5+) the X(0^) -module {M^ofj.)n°^ equivalent to the 
tensor product 

pjm'^^ (g) . . . P^-^i ^1 _ (5.25) 
pulled back through the automorphism (1-17) of X(0„) where f{u) equals (5.24). 

Proof. First consider the bimodule Tm{M„o^j) n of and X(0„) . By Corollary 2.6, this 
bimodule is equivalent to the tensor product 

pulled back through the automorphism (1.17) of X(0„) where f{u) equals 

n . (5.27) 

For any a = 1 , . . . , m the element F_a,-a G f) acts on the tensor product (5.26) as 

n/2 - dego + {ao p)^^ 

where dega is the degree operator on the a-th tensor factor, counting the factors from 
right to left. It acts on the vector space Q (C"^) of that tensor factor as the Euler operator 

n 

J^^kdhegViC"). (5.28) 
fc=i 

A bimodule equivalent to Ts{M(joiu.)n can be obtained by pushing forward actions 
of 1^ and X(g„) on (5.26) through the composition of automorphisms (2.30), for every 
tensor factor with number a such that 5a = —1- Here we number the m tensor factors 
of (5.26) by 1 , . . . , m from right to left. Then we also have to pull the resulting X(g„)- 
module back through the automorphism (1.17), where the series f{u) equals (5.27). The 
automorphism (2.30) maps the element (5.28) to 
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fe=l k=l 

Hence if = — 1, the element F_a-a £ h acts on the modified tensor product as 

-n/2 + (cro//)a + dega. 

By equating the last displayed expression to (u o A)^ and by using (5.21) together with 
the condition 5a = —1, we get the equation dega = I'a- But by Lemma 2.7, pushing 
forward the Y(0[„) -module 

through the automorphism (2.30) of Q'D{C'^) yields the same Y(0l„) -module as pulling 
back through the automorphism (1.3) of Y(0(„) where 

, . U-Jla + h-Pa 

9W = _^ _ 1 _~ • 

Thus the X(0„) -module J^5{Ma-ofj,)n°^ is equivalent to the tensor product (5.25) pulled 
back through the automorphism (1.17) where the series f{u) is obtained by multiplying 
(5.27) by g{—u)g{u) for each index a such that 5a = —1; see the definition (1.18). But 
for any the element a e S^m the product (5.24) equals 

n ""^"^r?" . (5.29) 

If 8a = —1 then the factors of (5.27) and (5.29) indexed by a are equal to g{—u)~^ and 
g{u) respectively. If (5a = 1 then the factors of (5.27) and (5.29) indexed by a coincide. 
This comparison of (5.27) and (5.29) completes the proof. □ 

The vector spaces of two equivalent X(0„) -modules in Proposition 5.4 are 

{M^^^®g{C'^®C''))l°^ and (C^) . . . (C") 

respectively. We can define a linear map from the latter vector space to the former, by 
mapping /i (8) ... (8) /m to the class of lo-o/x ® / in the space of n-coinvariants. Here 

y^g^?^^C"),...,/^e6;^nC") 

and f E g (C^^C") is defined by (2.28). This linear map is an equivalence of the X(0^)- 
modulcs in Proposition 5.4, see the remarks made after our proof of Corollary 2.6. 

Thus for any Ui , . . . , G {0 , 1 , . . . , n} we have demonstrated how the Zhelobenko 
operator on J \ B^ determines an intertwining operator between the X(0^) -modules 
(5.23) and (5.25) pulled back via the automorphism (1.17) of X(0^), where f{u) is the 
same (5.24) for both modules. Hence this operator also intertwines the X(0„) -modules 
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P""^ (^...(^P'^' ^ PJ'-'^T^^ (^...(8P>^J ^ , (5.30) 

neither of them being pulled back via the authomorphism (1.17). It was proved in [MN] 
that both X(0„) -modules in (5.30) are irreducible under our assumptions on /i. Hence 
an intertwining operator between them is unique up to a multiplier from C. For our 
intertwining operator, this multiplier is determined by Proposition 5.9 below. Another 
expression for an intertwining operator of the X(g^) -modules (5.30) was given in [N]. 

For any a = 1 , . . . , m and s = 1 , . . . , n let us define the elements fas and gas of the 
ring QT>{C'^ (8) C^) as follows. Let us arrange the indices 1, . . . , n into the sequence 

1,3, . . . ,n — l,n, . . . ,4,2 or 1,3, ... ,n — 2, n,n — 1, ... ,4,2 (5.31) 

when n is even or odd respectively. The mapping k ^ k reverses the sequence (5.31). 
We will write i -< j when i precedes j in this sequence. Note that then the elements 
Eij — OiOjEji G 0[„ with i ^ j or i = j span a Borel subalgebra of C gl^ , while the 
elements — E^^ span the corresponding Cartan subalgebra of Then f^s and Qas 
are the products of the elements Xak and of QT>{C'^ (8) C") respectively, taken over 
the first s indices k in the sequence (5.31). For example, if n ^ 4 then fa2 = XaiXas and 
ga2 = da2 OaA ■ If n = 3 then fa2 = XaiXas but ga2 = da2 da3 ■ We also set faO = gao = 1- 
Our proof of Proposition 5.9 will be based on the following four lemmas. The proof 
of the first lemma is very similar to the proof of the second one, and will be omitted. 

Lemma 5.5. For any a = 1 , . . . , m — 1 and s,t = 0,l,...,n the operator on J \ 
maps the image in J \ of g-as ^ ^rn to the image in 3 \ B^ of the product 

( Ha-S + t+1 
(ya{gas9^t) • \ ^a + l 

[ 1 if s^t, 

plus the images in J \ Bm of elements of the left ideal in B^ generated by J' and (5.5). 

Lemma 5.6. For any a = 1 , . . . , m — 1 and s,t = 0,l,...,?i the operator on J \ B^ 
maps the image in 3 \ B^ of fas /^^ilt ^ to the image in 3 \ B^ of the product 

~ u ^ V s > t, 

(Taifasf^t) ■ \ ^« + ^ 

I 1 if S^t, 

plus the images in J \ Bm of elements of the left ideal in B^ generated by J' and (5.6). 
Proof. By the definitions (2.6) and (4.6), we have 

n n 

Cn (Ea) = -J2 dak and (n (Fa) = - ^^fc • (5.32) 

k=l k=l 

By (4.5), we also have 

O'a (/as /^rpit) = /^rpis /ot • 
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Let us now use the symbol = to indicate equalities in the vector space J \ modulo 
the subspace, which is the image of the left ideal in Bm generated by J' and by the 
elements (5.6). The element Ea G belongs to this left ideal. Therefore the operator 
maps the image in J \ B^ of fas f'^[+it ^ to the image in J \ B^ of 

oo 

r=0 

oo 

r=0 

Let us now use (4.10) along with (5.32). By the definitions of /^^^ and fat we have 

n 

^aiflx+ls fat ) = ~ [^ak ^^I+Tfc ' f'a+ls fat] • 

If s ^ t , then every summand above is zero, which proves the lemma in this case. Now 
suppose that s > t. Then by using the proof of [KN2, Proposition 3.7], 

t ( f f_ \ = {s-t)...{s-t-r + l) 

'iaKJ a+ls J at ) — ^ _ ^ _j_ Ja+lsJat- 

In the last line, the sum of the fractions corresponding tor = 0,...,s — t equals 

Ha + l 
Ha-S + t+1' 

this equality can be easily proved by induction on the difference s — t. Therefore 

. „_ . Hg + l - f— f Hg+S-t+l 

'iayj a+ls J at ) — ^ _ g _|_ ^ _|_ ]^ Ja+lsJat — Ja+lsJat ^ _^ 

as required in the case when s > t. Here we also used the equality in the ring B^ , 

Ha f-^s fat = f-^s fat {Ha + S - t) 

which follows from (4.10), since 



Cn{Ha) = Cn(^^,^ - Faa) = ^{^-^k^'^k -^akdak)- 



□ 



fc=l 



Lemma 5.7. For any a = 1 , . . . , m — 1 and s ,t — ,1 , . . . ,n the operator on J \ B^ 
maps the image in J \ B^ of fas gii+Tt ^ to the image in J \ B^ of the product 

( Hg + S + t+l 

— 77 ; — ¥ s + t>n, 

^a{f^s9^u)-\ Ha+n + 1 

plus the images in J \B^ of elements of the left ideal in B^ generated by J' and (5.7). 
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Proof. By (4.5), 

C"a ( /as fi'^I+Tt ) — fliTlsdat- 

Let now us the symbol = to indicate equalities in J \ modulo the subspace, which is 
the image of the left ideal in B^ generated by J' and by the elements (5.7). The elements 
Ea — Cn{Ea) and Cn(-^a) of Bm belong to this left ideal, see (5.32). Using (4.10), the 
operator maps the image in J \ B^ of fas S'^+it ^ to the image in J \ B^ of 

oo 

r=0 

oo 

r=0 

We have 

n 

Cn{Fa) f'^jpis9at = ~ "^^^ ^^qiTfc fa+ls 9 at 

k=l 

by (5.32). If s + 1 ^ n, then every summand in the above displayed sum is zero modulo 
the left ideal of B^ generated by the elements (5.7), because then there is no factors 
^a+Ti fa+Ta ^ai of Qat with the Same index i. This proves the lemma in this 
case. Now suppose that s + t> n. Then, by using the proof of [KN2, Proposition 3.7], 

p (f n-\ = ' (g + t-n)...(3 + t-n-r + l) _ 

C,aKj a+ls9at ) — ^ ^ _ ^ _j_ Ja+ls9at — 

Hg + l _ _ _ Hg + S + t+l 

as required. Here we have also used an equality in the ring B^ which follows from (4.10), 

Ha f^s 9 at = f^s fat {Ha + S + t) . □ 

Lemma 5.8. If fm = Sp2m > then for any s = , 1 , . . . , n the operator ^rn on J \ B^ 
maps the image in J \B^ of fjns £ to the image in J \B^ of the product 

Ha + S + 1 

if s > n/2, 



^m{frns)-{ Ha+n/2+1 

1 if 

plus the images in J \B^ of elements of the left ideal in B^ generated by J' and (5.8). 
Proof. Let fm — Sp2m • Then Qn — spn ; so that the number n is even. By (4.5), we have 

^m{frns) — 9rns Or (^ra^fms) — ( 1) ^ 9rns 

when s ^ n/2 or s > n/2 respectively. Hence it suffices to consider for any s = , 1 , . . . , n 
the image in J \ B^ of the element Cm (fifms) £ ■ By the definitions (2.6) and (4.8), 
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k=l 



k=l 



Now let the symbol = indicate equalities in J \ modulo the subspace, which is the 
image of the left ideal in B^, generated by J' and by the elements (5.8). The elements 
Em — Cn{Em) and Cn{Fm) of B^ belong to this left ideal. Therefore by using (4.10), 

oo 

r=0 

oo 

= J2(^'-H^^r'UEmVUFmVgms. 



r=0 



We have 



Cn(-^m)fl'ms — ^ ^ (^k Xj^j^ X mk 9 ms / ■ 



fc=l 



If s ^ n/2, then every summand in the above sum is zero modulo the left ideal of B^ 
generated by the elements (5.8), because then for any index k there is no pair of factors 
drfik and in the product gms- This proves the lemma in this case. Now suppose 
that s > n/2. Then, by using the proof of [KN2, Proposition 3.7] once again, we have 

<: ^ js - n/2) . . . (s - n/2 - r + 1) ^ 

<,m\9ms) — / J TT ( TT _ 1 1 ^ 9ms — 



r=0 



Hm + 1 



Hr, 



9ms — 9ms 



Hm + S + 1 



I /Oil yms , /Oil 

s + n/2 + 1 Ha + n/2 + 1 

as required. Here we also used the equality Hmgins = gms {Hm + s) in the ring B^, 
which follows from (4.10), because m = 1 and for f^, = &p2m by (2-6) and (4.8) we have 



Cn{Hm) = -Cn{Fii) = n/2 - Xikdik 



n 



k=l 



Let us now state Proposition 5.9. We assume that the weight satisfies the conditions 
(5.2), and also satisfies the conditions (5.3) in the case fm, = &p2m - We also assume that 
z/i , . . . , z/m. G {0, 1 , . . . , n} , see the definition (5.21). Let (/u| , . . . , /U^) be the sequence 
of labels of the weight fi + p. Thus for each a = 1 , . . . , m we have fi^^ = Ha + ^ — o. in the 
case — 302m : and /i* — + m — a + 1 in the case = •Sp2m • Let ( Aj[ , . . . , ) be 
the sequence of labels of A + p . For each positive root r] e /A+ define a number 2;^ e C , 



r XI - A* 
K + K 
K 
1 



if r] = Sb-ec 

if ri = Sb + Sc 

if r] = 2eb 
otherwise . 



and Vf) > i^c , 
and i^b + J^c > IT' J 
and 2 > n , 
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Note that in the first two cases above 1 ^ 6 < c ^ m , while in the third case 1 ^ 6 ^ m 
and frn — 5p2m ■ Let be the image of the product fi^_^ . . . frnvm ^ in the quotient 
vector space J X'Qm /^ix,5+ ■ This image is a highest vector relative to the action of the 
Lie algebra 0„ on this space: it is annihilated by elements Eij—6i OjEj^ e g^i with i ^ j . 

Proposition 5.9. (i) The vector is not in the zero coset o/ J \ B^, / 1^,<5_,_ • 

(ii) Under the action of [) on J \ 'Bm / ^fj,,s+ the vector is of weight A. 

(iii) For any a G Sjrn the intertwining operator (5.19) determined by maps the vector 
to the image in 3 \ Bm/laon,a{5+) of ^ifi„^---frni^^) e multiplied by the 

product 

n ■ (5-33) 

Proof. Part (i) of the proposition follows directly from the definition of the ideal lfj,,s+ • 
Let us prove Part (ii). The elements of f) act on J \ B^/ via their left multiplication 
on B^. Let us indicate by = the equalities in B^ modulo the left ideal 1/^,(5+ • Then by 
the definition (2.6) for each a = 1 , . . . , m we have the relations in the algebra B^ , 

n 

F—a,—a fii/-^ • • • ffnvrn ~ flvi ' ' ' frnVm F—a,—a ~ ^ ^ [^ak 9ak ~ n/2 , fj,^^ ■ ■ ■ ffni>rn ] 

k=l 

~ flvi • • • fmUm {F—aj—d ~ ^a) = fj^^ • • • frnvrn (Cn(-^— a,— o) + A*a ~ ^a) 



= ^Jk ■ ■ ■ ^mk (^/2 + f^a-J^a) = K fj^, ■ ■ ■ fmv^ ■ 

Thus 

F-a-dV^ = XaV^ for a=l,...,m. 

We will prove Part (iii) by induction on the length of a reduced decomposition of a 
in terms of cxi , . . . , cr^ . If u is the identity element of S)rn , then the required statement 
is tautological. Now suppose that for some a e S)m the statement of (iii) is true. Take 
any simple reflection Ca & S^m with 1 ^ a ^ m, such that aacr has a longer reduced 
decomposition in terms of ui , . . . , o"^ than cr. If = S02m and a = m, then we have 
^f^^^ = arn Co- cind /Acr^ o- = /Act , so that the induction step is immediate. We may now 
assume that a < m in the case frn = S02m ■ 

Take the simple root rja corresponding to the reflection aa- Let rj = a~^{r]a)- Then 
r] e Z\+ and 

Hence 

Let K G ()* be the weight with labels (5.15). Using the proof of Theorem 5.3, we get the 
equality of two left ideals of the algebra Bm , 

^{aaCr)of^,{aaCr){5+) — I (ctq <t ) o k , (cto cr ) (5+) • 

But modulo the second of these two ideals, the element Ha equals 
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{{aaCr)oK){Ha) = {aaCr{K + p)-p){Ha) = {k + p){a-^aa{Ha)) - p{Ha) = 
-{n + p){a-\Ha))-l = -{k + p){H,)-1 = - ^^^ + ^-^) -i. (5.34) 

Here Hrj = a~^{Ha) is the coroot corresponding to the root r] , and we use the standard 
bihnear form on f)* . Using only the definition (5.15), the right hand side of (5.34) equals 

-^l + /i* - 1 if r] ^ Eb- Ec, 
-pi - pl-n-l if ry = £6 + £c , 
—pl—n/2 — 1 if r] = 2sb. 

We will now use (iii) as the induction assumption. Denote S = cr{5+) . Consider five cases. 

I. Suppose r] = Eb — Sc where 1 ^ 6 < c ^ m, while cr{Eb) = Ea and cr(£c) = £^a+i • 
Then aa = Ea- £a+i and 5a = Sa+i = 1 . Hence 

^ ( fjui ■ ■ ■ frnvm) ~ faut f a+1 

where Y is an element of the subalgebra of QV{C^ ® C"^) generated by all Xdk and ddk 
with d a,a + 1 . Here Lemma 5.6 with s = Vb and t — Uc applies. With these s and t, 
by substituting —pi +p* — l for Ha in the fraction displayed in that lemma, the fraction 
becomes 

-Pl + Pc-i + n-i^c + 1 ^ K-K 
-fil + p*-i + i p^l-p^l' 

The condition s > t from Lemma 5.6 means here that Ub > Uc- 

II. Suppose T] = Eb — Ec where 1 ^ 6 < c ^ m, but a{Eb) — — £a+i and a{Ec) = —Ea- 
Then aa = Ea — Ea+i again, but 6a = Sa+i = — 1 • Hence 

^ifjui ■ ■ ■ fmUm) — 9avc 9'^i^v}X 

where Y is another element of the subalgebra of QT>{<C^ (g) C") generated by all Xdk 
and ddk with (i 7^ a, a + 1 . Now Lemma 5.5 with s = Vc and t = Vb applies. With these 
s and t, by substituting —pi +//* — ! for Ha in the fraction displayed in Lemma 5.5, 
the fraction becomes the same number (5.35) as in the previous case, under the same 
condition Vb> Vc- 

HL Suppose T] = Eb-\- Ec and 1 ^ 6 < c ^ m, while o{Eb) = Ea and (t{Ec) = —£a+i ■ 
Then (Ta = Ea — Ea+i again, but Sa = I and Sa+i = —1 • Hence 

^ifli^i • • • frnVm) — fauh ^o+Tt/c^ 

where Y is another element of the subalgebra of ^D(C"^®C'^) generated by Xdk and ddk 
with (i a, a + 1 . Here Lemma 5.7 with s = Vb and t = i>c applies. With these s and t, 
by substituting —pi — pi — n — 1 ior Ha in the fraction displayed in that lemma, the 
fraction becomes the number 

-pI- pl-n-l + i^b + i^c + 1 ^ K + K .5 
-pl-pl-n-l + n+1 Pl + Pt' 

The condition s + t> n from Lemma 5.7 means here that 1^5 + > n. 
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IV. Suppose 7] — Eb + Ec where 1 ^ 6 < c ^ m, but a{eb) = —Sa+i and cr{ec) = £o- 
Then (Ja = Sa — £o+i again, but Sa — 1 and da+i — —1- Hence 

^{flvi • • • frnvm) — favc Q'^^+Tv,,^ 

where Y is another element of the subalgebra of QV{C'^ ® C^) generated by x^k and 
ddk with d 7^ a,a+l. Now Lemma 5.7 with s = Vc and t = Vb apphes. With these 
s and t, by substituting — /i^ — /x* — n — 1 for Ha in the fraction displayed in that 
lemma, the fraction becomes the same number (5.36) as in the previous case, under the 
same condition Ub + i^c > n. 

V. Suppose frn — 5p2m ^ = with 1 ^ 6 ^ m. Then a{eb) — £m and Uo = o"^ , 
while 5^ = 1 . Hence 

^iflvi • • • frnvm) ~ frnvt, Y 

where Y is now an element of the subalgebra of ^©(C^^C") generated by x^k and ddk 
with d m = 1 . Here Lemma 5.8 with s = Vb applies. With this s , by substituting 
— //'^ — n/2 — 1 for Hm in in the fraction displayed in that lemma, the fraction becomes 

-f4 »/2 + n + 1 ^ K 
-III - n/2 - 1 + n/2 + 1 ' 

The condition s > n/2 from Lemma 5.8 means here that 2i'b > n. 

Thus in all the five cases above, by using the induction assumption, the intertwining 
operator 

J \Bm/I;[i,(5+ ~^ I(ctoCt)o/i,((Toct)(5+) 

determined by Co-aa maps the vector to the image in J \ ^m /'^{aacr)oix,{aacr) {5+) of 

^a3^(/Ti/i • • • frnvm) ^ 

multiplied by the product (5.33) over the set /Ap. , and by an extra factor 2;^ corresponding 
to the positive root 77 = a~^{r]a) ■ This makes the induction step. □ 

The product (5.33) in Proposition 5.9 does not depend on the choice of a reduced 
decomposition of cr e in terms of ui , . . . , am ■ The uniqueness of the intertwining 
operator (5.30) thus provides another proof of the independence of our operator (5.20) 
on the decomposition of cr, not involving Proposition 4.4. Proposition 5.9 also shows 
that our intertwining operator (5.20) is not zero. 



6. Olshanski homomorphism 

For a positive integer /, take the vector space C'^"'"^ In the case of an alternating form 
on C" choose I to be even. Let ei , . . . , e„+/ be the vectors of the standard basis in C"^"*"'. 
Consider the decomposition C = C" ® C' where the direct summands C"^ and C' 
are spanned by the vectors ei , . . . , and Cn+i , • • • , e^+z respectively. This defines an 
embedding of the direct sum gl^ © of Lie algebras to . As a subalgebra of gl^+i , 
the summand gl^ is spanned by the matrix units Eij G gln+i where i,j — 1 , . . . , n. The 
summand gli is spanned by the matrix units Eij where i,j = n+ l,...,n + l. 
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The subspace C"^ C C"^"*" comes with a bihnear form chosen in Section 1. Now choose 
a bihnear form on the subspace C C"^^' in a similar way. Namely, let i be any of the 
indices n+l,...,n + L Ifz — nis even, then put i = i — Ifz — nis odd and i <n + l, 
then put z = /■ + 1 . If z = n + / and I is odd, then put i = i. Further, put = 1 or 
9i = (— in the case of the symmetric or alternating form on C"^. For any basis 
vectors and Cj of the subspace put (e^ , Cj ) = 6i d^j . Equip the vector space C'^+^ 
with the bilinear form which is the sum of the forms on the direct summands. The forms 
on C' and C""""' are of the same type (symmetric or alternating) as the form on 

Now consider the subalgebras Qn, di and g^+i of the Lie algebras gl^, Qii and Ql^^i 
respectively. We have an embedding of the direct sum 0„ © qi to the Lie algebra gn+i , 
according to our choice of the bilinear forms made above. We also have an embedding 
of the direct product of Lie groups Gn x Gi to Gn+i ■ Let denote the subalgebra 
of (^/-invariants in the universal enveloping algebra \J{gn+l)- Then Ci contains the 
subalgebra U(gn) C U(0„_|_;) . If = ^Pn then C; coincides with the centralizer of the 
subalgebra U{spi) C U(5p^_|_J . If = 50^ then C; is contained in the centralizer of 
U(so/) C lJ{sOn+i), but may not coincide with the centralizer. 

Take the extended twisted Yangian X{gn+i) ■ The subalgebra of X(gl^_|_^) generated by 

where i,j = l,...,n 

is isomorphic to X(0„) as an associative algebra, see [MNO, Section 3.14]. Thus we have 
a natural embedding X(g^) X{gn+i) , let us denote it by ti . We also have a surjective 
homomorphism 

T^n+l '■ ^{gn+l) ^{gn+l), 

see (1.22). Note that the composition TTn+i H coincides with the homomorphism tt^. 

Further, consider the involutive automorphism u>n+i of the algebra X(0„-|-/), see the 
definition (1.20). The image of the composition of homomorphisms 

TTn+l U}n+l ^ ■ X(0„) U{gn+l) (6.1) 

belongs to subalgebra C lJ{gn+i)- Moreover, together with the subalgebra of Gn+i- 
invariants in \J{gn+i) , this image generates Ci . These two results are due to G. Olshanski 
[02], for their detailed proofs see [MO, Section 4]. We will use the composition of the 
homomorphisms 

We will call it the Olshanski homomorphism. The images of the homomorphisms 7; and 
(6.1) in \J{gn+i) coincide. The reason for using the homomorphism 7/ rather than the 
homomorphism (6.1) will become apparent when we state Theorem 6.1. 

An irreducible representation of the group Gn is called polynomial if it appears as 
a subrepresentation of some tensor power of the defining representation C"^. According 
to [W, Sections V.7 and VI. 3] the irreducible polynomial representations of the group 
Gn are parameterized by all the partitions u of N = ,1 ,2 , . . . such that 2 z/j' ^ n in 
the case Gn = Spn , and z// + ^ ^ the case Gn = On ■ Here ly ' is the partition 
conjugate to v while v[ ,^'2 , ... are the parts of i^'. Note that in the case Gn = On 
we still have ^ n. Denote by Wj^ the irreducible polynomial representation of the 
group Gn corresponding to v . Let vi ,1/2 , ■ ■ ■ he the parts of v . 
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Let V be the weight of the Lie algebra with the sequence of labels 

{,nl2-v'^,...,nl2-v[). 

Due to conditions on the labels z^i , . . . , of P in the case fm = 5p2m integers 
such that Pi ^ . . . ^ ^ 0. In the case = S02m either all labels of P are integers, 
or all if them arc half-integers. In the case = S02m we have Pi ^ . . . ^ Pm-i ^ I • 
Consider Q (C"^ Cg) C"^) as a bimodule over and ■ Then by [H, Subsection 3.8.9] 
when Gn = Spn , or by [H, Subsection 4.3.5] when G„ = , we have a decomposition 

GiC^ ^C") = ® Li,®W^ (6.2) 

where v ranges over all parameters of irreducible polynomial representations of G^ such 
that z^i ^ m . Here L ^7 is the irreducible f ^ -module of the highest weight P . 

Let A and be parameters of any irreducible polynomial representations of the groups 
Gn+z and Gi respectively. Suppose that Ai , //i ^ m. Using the action of the group Gi 
on W\ via its embedding to Gn^i as the second direct factor of the subgroup G„ x Gi 
consider the vector space 

HomG,(W^M.^A). (6.3) 

The subalgebra C U(g^_|_i ) acts on this vector space through the action of U(gji_|_;) on 
W\ . In the case Gn = Spn , the vector space (6.3) is irreducible under the action of the 
algebra C/ ; see [D, Theorem 9.1.12]. In the case Gn = On, the C/ -module (6.3) is either 
irreducible or splits to a direct sum of two irreducible -modules. It is irreducible if 
W\ is irreducible as a so^i+z -module, that is if 2 A{ 7^ n -|- / by [W, Section V.9]. Note 
that in the case G„ = 0„ , the condition 2 A( 7^ n -|- / is sufficient but not necessary for 
the irreducibility of the C/-module (6.3); see [N, Section 1.7]. 

In any case, the vector space (6.3) is irreducible under joint action of the subalgebra 
C U(0n+z) and of the subgroup Gn C Gn+i; see again [N, Section 1.7]. Hence the 
following identifications of bimodules over Ci and Gn are unique up to rescaling of their 
vector spaces: 

HomG,(W-^,Homf^(L^,6;(C'-®C"+'))) = 
HomG,(I^M,Homf^(L;,,^;(C"^0C')0^;(C™®C"))) = 

Homf^(L;, , (8) ^?(C^ C")) . (6.4) 

We use the decompositions (6.2) for n -|- Z and I instead of n, and the identification 

6;(C'^®c"+') = 6;(C'^0C') ®^?(C'^®c") (6.5) 

of vector spaces. Thus in (6.4), the labels of the weights A and p, of fm are respectively 

(n/2 + //2 - A;„ , . . . , n/2 + //2 - AO and {I /2 - fxl^ , . . . , I /2 - . 

By pulling back via the Olshanski homomorphism 7; : ^{Qn) , the vector space 

(6.3) becomes a module over the extended twisted Yangian X(gTi) • Using the above 
identifications, the vector space (6.4) than also becomes a module over X(0„) . But the 
target -module L ji ® Q [C^ ® C^) in (6.4) coincides with the -module Tm{Lfi) . 
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Theorem 6.1. The action of X(0„) on the vector space (6.4) via the homomorphism 
7/ coincides with the action, obtained by pulling the action of ^{Qn) on the bimodule 
^m[Lfx) back through the homomorphism (1.17) where 



f{u) = 1 - m{u- 1/2 ±1/2)-^ 



(6.6) 



Proof. Take the action of the subalgebra C/ C Uid^n+l) on the space ^ (C"^ (g) C"+' ) . 
The extended twisted Yangian X(0^) acts on this vector space via the homomorphism 
7/ : X(5^) — > C ; . Using the decomposition (6.5) we wiU show that for z ,_7 = 1 , . . . , n the 
generators sj^^\ \ ... of ^{Qn) act on this vector space respectively as the coefficients 



at u~ ,u~ , ... of the series (2.8) multiplied by the series (6.6). 

For any i,j = 1, . . .,n + l the element F^- e U{Qn+i) acts on Q(C'^ €"■+') as the 
operator 

m 

Here we use the standard coordinate functions Xd on C"^ (g) C with c = 1 , . . . , m and 
z = l,...,n + L Then dd is the left derivation on the Grassmann algebra Q {<C^ ®<C^'^^) 
relative to x^i ■ The functions Xd with c ^ n and c > n correspond to the direct 
summands C" and C' of C""'"^ Consider the (n + Z) x (n + 1) matrix whose entry is 



5ij + (w - 1/2 ± 1/2) ^ ^ {xddcj - 9i9jXcjdci) ■ 



c=l 

Write this matrix and its inverse as the block matrices 



A B 
C D 



and 



A B 
C D 



where the blocks A, B, C, D and A, B, C, D are matrices of sizes nxn, nxl,lxn, Ixl 
respectively. The action of the algebra X(0^) on the vector space Q{C^ < 



•> n+l ' 



Via 



the homomorphism 7/ : X(0[„) C/ can now be described by assigning to the series 
Sij (u) with i ,j = 1 , . . . ,n the i , j entry of the matrix A~^ . 

Introduce the (n + l) x2m matrix whose i , c entry for c = — m 1 is the operator 
of the left multiplication by Xci on ^(C"^ ® C"+') . For c = 1, . . . , m let the i,c entry 
of this matrix be the operator Oidci- Write this matrix as 

P 
P 

where the blocks P and P are matrices of sizes nx2m and lx2m respectively. Further, 
introduce the 2m x (n-\-l) matrix whose c,j entry for c = — m, . . . , — 1 is the operator 
dcj ■ For c = 1 , . . . , m let the c, j entry of this matrix be the operator of left multiplication 
by 9j Xcj ■ Write this matrix as 

[QQ] 

where Q and Q are matrices of sizes 2m x n and 2m x I respectively. Then 
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= 1 + («-Z/2±l/2)- 
which can be also written as the matrix 

1 + (•u-Z/2±l/2-m)-i 



PQ-m _PQ 
PQ PQ-m 



PQ PQ 
PQ PQ 



multiphed by the series f{u) determined by (6.6). Using a weU known formula for A ^ , 
A-^ = A- BD-^C = f{u) {1 + (u- I /2± 1/2 -m)-^PQ 
- {u - I /2 ±1/2 - m)-^ PQ {1 + {u- I /2± 1/2- m)-^PQy^ PQ) 

= f{u) {1 + P{u- I /2±l/2 - m + Qpy^ Q) . (6.7) 

Consider the 2m x 2m matrix QP appearing in the last line. For any indices a,b = 
— m,...,— l,l,...,m the a , b entry of this matrix is the operator 

Sabl/2+ Cl{Fab) 

where : lJ{fm) QVi/C^ ®<C^^^) is the homomorphism corresponding to the action 
of the Lie algebra on ^(C"^ ® C"+') via the tensor factor ^(C^ ® C') in (6.5), 
similar to the homomorphism (2.6). Namely for a,b = 1 , . . . , m we have 

n+l 

Cl{Fab) = -5abl /2 + ^ Xakdbk, 

k=n+l 



n+l 

Cl{Fa-b) = Yl ^kX^j^Xbk, 

k=n+l 

Hence any entry of the 2m x 2m matrix 



n+l 



Cl {F_a,b) = Qk dak ^bfe • 

k=n+l 



{u-l/2±l/2-m + QP) 



-1 



can be obtained by applying the homomorphism (i to the respective entry of the matrix 
F(tt ± i — m); the latter entries are series in with coefficients in U(fm). We now 
complete the proof by comparing the i,j entry of the nxn matrix (6.7) with the series, 
obtained from (2.8) by replacing Fab{u ± | — m) there by (i {Fab{u ± | — m)) for all 
indices a,6 = —m, —1 , 1 m. □ 

Set Co = U(0„) and 70 — 'Kn- Then Theorem 6.1 remains valid in the case 1 = 0. 
In this case we assume that Qi = {0}. Note that our proof of Theorem 6.1 also implies 
Proposition 2.3, because the kernels of homomorphisms with / = , 1 , 2 , . . . have only 
zero intersection. For = 502 the latter follows directly from the definition (2.6). For 
ffn ^ SO2 all irreducible finite-dimensional -modules arise from the skew Howe duality. 

Let A and [i be the parameters of any irreducible polynomial representations of G^+i 
and Gi respectively. The vector space (6.3) is not zero if and only if 
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'^A; ^ A*A; and — //^ ^ n for every k = 1 ,2 , . . . ; (6-8) 

see [N, Section 1.3]. Suppose that Ai,//i ^ m. Then we can identify the vector spaces 
(6.3) and (6.4). Then the algebra Ci acts on (6.4) irreducibly, if Gn = Spn- If Gn — On, 
then (6.4) is irreducible under the joint action of the algebra and the group On . In 
both cases, the G^+i -invariant elements of U{Qin+i) ^'^^ (6.4) via multiplication by 
scalars. Then Theorem 6.1 has a corollary, which refers to the action of X(g„) on the 
vector space (6.4) inherited from the bimodule !Fm{Ljx)- 

Corollary 6.2. The algebra X(9^) acts on space (6.4) irreducibly, if Gn — Spn ■ If 
Gn = On, the space (6.4) is irreducible under the joint action of X(g„) and On ■ 

Now suppose that 7^ 502 ■ Then any irreducible finite-dimensional module V of fm 
is equivalent to for some non-negative integer / and the label /x of some irreducible 
polynomial representation of the group Gi with //i ^ m. If is another irreducible 
finite-dimensional -module, such that the vector space (0.10) is non zero, then V' has 
to be equivalent to L^^ for the label A of some irreducible polynomial representation of 
Gn-\-i with Ai ^ m. Thus any non-zero vector space (0.10) has to be of the form (6.4). 
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